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Abstract 

^5 ' We introduce the notion of an ordered face structure. The ordered face 

structures to many-to-one computads are hke positive face structures, c.f. [Z], 
to positive-to-one computads. This allow us to give an explicit combinatorial 
description of many-to-one computads in terms of ordered face structures. 
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1 Introduction 



The definition of multitopic categories the weak w-categories in the sense of Makkai 
contains two ingredients. The first constitutes a description of shapes of cells 
that are considered (this includes the relation between cells and their domains and 
codomains), c.f. [HMP] and the second constitutes a mechanism of composition, c.f. 
[M]. This paper is a contribution to a better understanding of the first ingredient 
of the M.Makkai's definition of multitopic categories, and we provide a relatively 
simple combinatorial description of the category many-to-one computads. The pa- 
per goes much along with [Z] except it deals with all many-to-one computads rather 
than positive-to-one computads. This generates some substantial complications and 
the structure of cells turns out to be much richer. 



Ordered face structures 

Our main combinatorial device introduced and studied in this paper is the ordered 
face structure. The ordered face structures correspond to all possible 'shapes' of 
cells (not only indeterminates) in many-to-one computads^. In order to relate them 
to our previous work [MZ], [Z] we can draw an analogy in the following table. 
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Now are going to explain it in an intuitive way. In the table wc describe cells in com- 
putads of three kinds. The later being strictly more general than the former. The 
one-to-one computads are the simplest. They are free w-categories over w-graphs^. 
The positive-to-one computads are computads in which the indeterminates (or in- 
dets) on the higher dimension have as codomains indeterminates and as domains 
cells that are not identities. Finally, the many-to-one computads are computads in 
which the indets have as codomains indets again but there is no specific restriction 
for the domains (other than that they must be parallel to codomains). 

Fix n ^ Lo. The cj-graph (also called globular set) a", has one n-face and exactly 
two faces of lower dimensions than n, i.e. 



{2n} 

{2/ + 1, 21} 



\il> n 
if / = n 
if < / < n 



with domain and codomain given by d, c : a" — > ctF-i' ^(''^) ~ {2^ — 1}, c{x) = 21 — 2 
for X G q", and 1 < I < n. For example can be pictured as follows: 



^For the definition of many-to-one computad see tlie appendix. 
^In the hterature w-graphs are sometimes called globular sets. 



8 

/\ 

iXi 
IXI 
IXI 

1 

i.e. 8 is the unique face of dimension 4 in that has 7 as its domain and 6 as its 
codomain, 7 and 6 have 5 as its domain and 4 as its codomain, and so on. More 
visually we can draw ct^ as follows 

3 ^ 

7 

!• 5^ ^8 ^4 #0 

^ 
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The free category (a")* generated by a" has the property that for any w-category 
C, the set u!Cat{{a^)*,C) of w-functors from {a"')* to C correspond naturally to 
the set Cn of n-cells of C. Thus in one-to-one computads the shapes of indets are 
particularly simple and this is why the cj-graphs describing them are called simple. 
Simple w-graphs are some 'special' pushouts of a's. Instead of trying to repeat the 
definition from [MZ] we rather show an example: 

X 

• >- • 

y 

So indets have still indets as domains and codomains and even if there is no one 
indet that generates all the w-graph, as in a"'s, the domains and codomains of 
indets so fit together that they could be (uniquely) composed 'if they were placed 
in an w-category'. Simple w-categories, c.f. [MZ], are w-categories generated by 
such oj-graphs. The category of simple cj-categories is dual to the category of disks 
introduced in [J] . Note that there are two definite ways the indets of the same 
dimension can be compared. The face x is smaller from y in one way and from z 
the other way. We write x <"•" y and x <~ z. The first order^ is called upper and 
the second is called lower. More formally, the upper order on cells of dimension n is 
the least transitive relation such that d{a) c{a) for any face a of dimension n + 1 
{d and c are operations of domain and codomain, respectively). Similarly, the lower 
order on cells of dimension n is the least transitive relation such that if d{x) = c{z) 
then X <~ z. In this case both orders are definable using d and c. For more on this 
see [MZ]. 

The shapes of indeterminates in positive-to-one face structures are more compli- 
cated. We again use drawing to explain what principal positive face structures are. 
The one below has dimension 3. 



^ z 

4 



^Here and later by order we mean strict order i.e. irreflexive and transitive relation. 
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Thus in positive face structures the codomains of indets are still indets but the 
domains are so called pasting diagrams of indets, i.e. domains contains indets that 
'suitably fit together so that we could compose them'. In these structures we have 
the usual operation of taking codomain but the 'operation' of taking domain of a 
face returns a non-empty set of faces rather than a single face. To emphasize this 
change we use for these operations the Greek letters 7 and S instead of c and d. 
Thus 7(a) = ao, 7(03) = X3, d{a) = {01,02,03}, 6{ao) = {xi,X4,X5,X6}, d{a2) = 
{x3,xq}. From the table we have that positive face structures to principal positive 
face structures are like simple cj-graphs to w-graphs of form a", for some n. Thus 
it should be not surprising that positive face structures looks like this: 



X12 




Xg 

Different points, arrows etc. denote necessarily different cells, and if we omit their 
names in figures it is for making it less baroque. Note that in this case the indets 
of the same dimension can be compared much the same way as indets in simple 
w-graphs in two definite ways. The face xu is smaller than xg in one way and than 
X4 the other way, and again we write X12 <^ xg and X12 <~ X4. Again the first 
order is called upper and the second is called lower. More formally, the upper order 
on faces of dimension n is the least transitive relation such that x <^ y whenever 
there is a face a of dimension n + 1 such that x G 6(a) and 7(a) = y. Similarly, the 
lower order on faces of dimension n is the least transitive relation such that x <~ y 
whenever 7(0;) G S{y). Any positive face structure T generates a computads T*. 
The cells of dimension n of such a computad are positive face substructures of T 
of dimension at most n. These computads are called positive computypes. If T is a 
principal positive face structure then T* is a positive computope^. In this case T* 
determines T up to an isomorphism. For more on this see [Z]. 

The shapes of indeterminates in many-to-one face structures are even more com- 
plicated as this time the domains of indets might be identities (= 'empty on some- 
thing'). This generates a lot of complications as we have three new kinds of faces. 
Apart from positive faces like in previous case we have empty- domain faces and then 
as a consequence we have loops (=faces with domain equal codomain) and we also 
need to deal with empty faces. The last kind of faces is not indicated in the pictures. 
On each face x of dimension n there is an empty face Ij, of dimension n + 1. They 
are much like with identities whose role they play. We again use drawing to explain 
intuitively what principal ordered face structures are: 



*Thc word 'positive' is used here more like a shorthand and in presence of 'other positive' notions 
this one should be named properly as 'positive-to-one'. 




and a bit more fancy 
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In these structures we also use the Greek letters 7 and S for domains and codomains, 
respectively. Similarly as in positive face structures the codomain is an operation 
associating faces to faces. But the domain operation is still more involved as it 
may associate to a face a non-empty set of faces or a single empty face. Thus we 
have (5(a) = {ai, . . . ,aQ}, 7(0;) = oq but 6(02) = Iso^ S{bo) = Is- Note that we 
should write 6{xi) = {sq} instead of 5{xo) = sq but we will, as we did in [Z], mix 
singletons with elements when dealing with faces or sets of faces e.g. both conditions 
7(xo) € S{xo) and 7(^0) = 5(xo) are meaningful in this convention and in fact, as 
we will see later, due to this 'double meaning' they are equivalent in all ordered 
face structures saying that xq is a loop. This time the relations between faces and 
their domains and codomains does not encode all the needed data. The upper order 
<"'" can be defined like in positive face structures from 7 and 6. However, due to 
existence of loops, the relation <~ defined as before is not a strict order in general. 
In the above examples we have .T3 <^ X4, X4 <~ X3 and similarly 1/2 <~ Ui, Hi <~ y2- 
But we definitely need to know that X4 comes before X3 and that 1/2 comes before yi. 
This is why we need as a separate additional data a strict order <~ that is contained 
in <~ telling us that X4 <~ 0:3 and y2 <~ yi but not that Xs <~ xs and yi <~ 7/2- 
As we need to have the strict order <~ as an additional piece of data we call those 
face structures ordered. Note however that in the above cases we could solve our 
problem of ordering the faces locally that is having just restriction of the order <~ 
to sets that are domains of other faces. But to describe all the cells of many-to-one 
computads we need more than just that. Below we have some examples of ordered 
face structure 




and 




and 
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We see that faces xq and X5 must be comparable via <~ but they are not in domain 
of any other face. Thus a kind of global order <~ is needed. Note however that the 
fact that xii comes before both xq and X4 and that xq comes after all of them could 
be deduced in a different way. The way the ordered face structure T generate a 
many-to-one computad T* is more involved then in case of positive face structures. 
An n-cell in T* is a local morphism ip : X ^ T where X is an ordered face structure 
of dimension at most n and <y9 is a map that preserves 7, 5 but the order <~ is 
preserved only locally i.e. for a G X : (5(a), <~) — >■ (5(</'('*))) <^(a)) order 
isomorphism, where <~, <i^(a) restrictions of orders <~ to 5{a) and (5((^(a)), 
respectively. Thus we have a cell (p: 



s 




in the computad generated by the ordered face structure T* (where T is the last 
example of an ordered face structure above). The faces of the above ordered face 
structures are labelled by the faces they are sent to by the local morphism (p. Clearly, 

in this case the local preservation of the order <~ does not impose any restriction 
on the map ip : X ^ T other than preservation of 7 and 5. From this it should 
be clear that we cannot in general determine T having just T*. For example the 
ordered face structures 



s s 




are not isomorphic, as y <~ x and z <~ x in the left one and x <~ y and x <~ z 
in the right one, but they generate isomorphic computads. In other word passing 
from T to T* we are loosing part of data and this is why T* is not sufficient, in 
general (unlike T), to determine the shape of a cell in a many-to-one computad. To 
keep this information we need to choose one cell in T* with the natural choice being 
the identity on T, idT : T ^ T. The oj-categories T* together with a distinguished 
cells idT are pointed computypes which are the computad-like descriptions of types 
of all cells in many-to-one computads. The pointed computypes can be defined 
abstractly but we are going to explain it elsewhere. If T is a principal ordered face 
structure then this distinguished cell can be chosen in a unique way and hance it 
does not to be chosen at all as we know anyway which one we were to choose. This is 



why the computopes, the computad-hke descriptions of types of indets in many-to- 
one computads are the w-categories generated by principal ordered face structures 
(without an additional cell chosen). 

Primitive notions and axioms 

Thus we related ordered face structures to simple w-graphs and positive face struc- 
tures and we have described the primitive notions 7, 5, <~ that we had chosen 
to axiomatize them. Now we shall describe some intuitions behind the axioms of 
ordered faces structures. Even if they are more involved they are quite close in the 
spirit to the axioms of positive face structures. 

As in case of positive face structures, the most important axiom is the axiom of 
globularity. In case of u;-graphs it is just cc = cd and dc = dd which, if we rebaptize 
c as 7 and d as 6, take form 

77(a) = 75(a), 57(a) = 66{a). (1) 

As it was pointed out in [Z] this equations cannot hold even for positive-to-one faces 
as the right hand sides might be much bigger the left hand sides. In the example of 
a principal positive computad from page 4, we have 

77(a) =xo^ {xo,X2,X3} = 75(a), 

57(a) = {xi,X4^,X5,xq} ^{xi,X2,X3,X4,X5,a:;6} = 55(a). 

Thus we corrected the formula (1) by subtracting some faces from the right side 
getting 

77(a) = 75(a) — 55(a), 57(a) = 55(a) — 75(a). (2) 

Now it works for positive-to-one faces but if we allow loops in the domains of faces, 
and we must if we allow empty-domain faces, these formulas still doesn't work as 
we can see for the face ai in positive ordered face structure on page 5. We have 

77(01) = So 7^ = 7(^(01) - ^<^(ai), 57(01) = S4 / = 55(ai) - 75(ai) 

Thus we see that we subtracted too much. Correcting this we drop these loops and 
we get 

77(a) = 75(q) - 55-^(a), 57(a) = 55(a) - 75"^(a). (3) 

where 5^^ (a) means the set of those faces in 5(a) that are not loops. Now the 
formula (3) works for the face ai and even for the face a on page 5. But there is 
still a problem with empty-domain faces, as we have for 60 in the same ordered face 
structure. 

77(60) = s/0 = 75(5o) -55-^(60), 

57(60) = s^<D = 55(60) - lS-\bo). 

As a remedy for this we shall still diminish the set that we subtract by dropping 
empty faces which might be there. So we drop these empty-faces and we get 

77(a) = 75(a) - 55"-^ (a), 57(a) = 55(a) - 75""^ (a). (4) 

where d~^{a) means the set of those faces in 5(a)~^ that are not empty faces^. We 
are almost there but if in the domain 5(a) of a face a we have both empty-domain 
faces and faces with positive domains as we have in 5(a) in on page 5, then the 
set 55(a) may contain both empty and non-empty faces whereas 57(a) definitely 

^This means that this set is either empty if 5{a) is an empty face or it is 5{a)~'^. 



contain just one kind of faces either one single empty faces or a non-empty set of 
non-empty faces. However if we have faces of both kinds in 6S{a) the empty faces 
must be empty-faces on domains or codomains of the non-empty faces in this set. 
And this is the final modification that we do to our equation: 

jj{a) = j5{a) - 65~^{a), Sj{a) =i 66{a) - -f6'^{a). (5) 

where A =i B is equivalence of two set of faces of the same dimension modulo empty 
faces which means that 

1. if one set contains only empty faces then the other also contains only empty 
faces and these sets are equal, 

2. or else both sets contain the same non-empty faces and any empty face in 
either set is an empty face on domain or codomain of a non-empty face is 
those sets. 

In other words if A denote non-empty faces in A, A denote empty faces in A we have 

A=i B iS A = B and A C BU ly(^B)LiS{B) B C Au 1^(^a)uS{A)- ^^^^^ o^her 
words A and B are sets of faces that generates, via 7 and 5, the same substructures. 

The last axiom, loop filling is the only other axiom that does not mention order 
explicitly, it says that there are no empty loops, i.e. if there is a loop it must be a 
codomain of at least one face which is not a loop. 

The remaining four axioms talk about orders and <~. Local discreteness 
says that faces in a domain of any other face cannot be comparable via the upper 
order <+. The strictness, disjointness together with pencil linearity say in a sense 
that <~ is the maximal strict order order relation that is contained in the relation 
<~ and disjoint from <"'". 

Note that as <"'", <~ are the transitive closures of elementary relations so these 
axioms are not first order axiom and in fact they are expressed in the transitive 
closure logic. 



Future work 

This paper covers only part of the program developed in [Z] for positive-to-one 
computads. We end this here as it is already very long paper. But the remaining 
parts of the program from [Z] for many-to-one computads and the application of 
this to the multitopic categories, c.f. [HPM],[M], will be presented soon. 



Content of the paper 

Section 2 contains the definition of a hypergraph and some notation needed to 
introduce the notion of an ordered face structure. In section 3 we introduce the 
main notion of this paper the notion of an ordered face structure. In section 4 
we develop most of the needed elementary theory of ordered face structures. This 
section should be more consulted when needed than read through. The monotone 
morphism, is the stricter of two kind of morphisms between ordered face structures, 
it preserves the order <~ globally. The image of such a morphism is a convex set. 
In section 5 we show that from the convex set we can recover the whole morphism 
up to an isomorphism. The domain of such a morphism is recovered via cuts of 
empty loops in the convex subset. The next two sections show the connection 
between positive and ordered face structures. In section 6 we describe how we can 
divide a positive face structure by an ideal to get an ordered face structure. In 
section 7 we show that for any ordered face structure S there is a positive face 
structure and ideal so that divided by this ideal is isomorphic to S. The 



positive face structure 5^ is defined with the help of cuts of so cahed initial faces. 
In sections 8 and 9 wc describe some abstract structure of the category oFs and 
show some of their properties. This allow us to define in section 10 a free functor 
(— )* : IFs — > LoCat from the category of local face structures IFs to the category 
of w-categories. Local face structures are structures that have operations 7 and 
6 as in ordered face structures but with the order <~ (in fact a binary relation) 
restricted to domains of faces only. The section 11 discusses basic properties of 
principal and normal ordered face structures the face structures that are generated 
by a single face and such that can be domains (in the sense of monoidal globular 
category oFs) of such structures. In section 12 we study decompositions of ordered 
face structures. In [Z] we have defined the decompositions of positive face structures 
along some faces. Here we decompose ordered face structure S along a cut of initial 
faces a rather than a face a as this decomposition in more like a decomposition of 
the positive cover and then after decomposition divided to get the decomposition 
of S. Doing it this way we can deduce most of the properties of this decomposition 
from the corresponding decomposition of positive face structures. In section 13 we 
show that the oj-category T*, for T being an ordered face structure, is in fact a 
many-to-one computad. The next two sections 14 and 15 describe with the help of 
ordered face structures the terminal many-to-one computad and all the cells in an 
arbitrary many-to-one computad. 

Notation and conventions 

As we already indicated wc will intensionally confuse singletons with elements when 
dealing with faces in ordered face structures. In the paper we often will be using 
cells of different but neighboring dimensions. As it is a bit confusing anyway we try 
to make it a bit easier to follow by a careful use of the following convention, a, (3 
are faces of the same dimension, say n, then a, b are the faces of the same dimension 
n — 1, x,y,z are the faces of the same dimension n — 2, t,s are the faces of the 
same dimension n — 3, u,v are the faces of the same dimension n — 4. We may 
use occasionally A, B to denote faces of dimension n + 1. These faces may appear 
with indices but these letter should be a direct hint which dimension we arc working 
on. The above examples were already using this convention. Last but not least the 
composition of two morphisms 

/ 9 

X — - — — 

may be denoted as either g o f 01 more often f;g. In any case we will write which 
way we mean the composition. 
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2 Hypergraphs 

A hypergraph S is 

1. a family {Sk}k^^ of finite sets of faces; only finitely many among these sets 
are non-empty; 

2. a family of functions {7^ : Sk+i l^lSk ^ Sk}k€u;; where 1^^ Sk} is 
the set of empty faces of dimension k; the face 1„ is the empty fc-dimensional 
face on a non-empty face u of dimension k — 1. 



3. a family of total relations {5§ : Sk+i Ld l^^ ^ S'fc Ld Isk-Akeco'^ " ^ '^k+i 
we denote 5f (a) = {x G 5^ LI Is^..^ : (a,a;) € (^f}; <5f (a) is cither singleton 
or it is non-empty subset of S^. Moreover 6q : 5*1 LI l^g 5*0 LI is a 
function (for this expression to make sense we assume that S-i = 0). We put 
(5(a) = (5(a) n S and S{a) = (5(a) n I5. 

Sk+l LJl^fc 




A morphism of hypergraphs f : 
k e uj, such that the diagrams 



5 — > T is a family of functions fk ■ — > Tfc, for 



rr fk+1 rri 

J-k+1 



7 



7 



Sk+i 



6 



fk+l 



fk 



Sk^M 



k-1 



fk + 



■Tk^lT, 



commute (where 1/^, ^(13;) = for ^ Sk-2), for k E u. 

The commutation of the left hand square is the commutation of the diagram 
of sets an functions but in case of the right hand square we mean more than 
commutation of a diagram of relations, i.e. we demand that for any a € <S'>i, 
fa : (5(a) — > (5(/(a)) be a bijection, where /„ is the restriction of / to (5(a) (if 
(5(a) = lu we mean by that (5(/(a)) = l/(u))- The category of hypergraphs is de- 
noted by Hg. 

Convention. K a G Sk we treat 7(a) sometimes as an element of Sk-i and 
sometimes as a subset {7(a)} of Sk^i- Similarly (5(a) is treated sometimes as a set 
of faces or as a single face if this set of faces is a singleton. In particular, when we 
write 7(a) = (5(6) we mean rather {7(a)} = (5(6) or in other words that (5(6) has one 
element this element is a face (not an empty face) and that this face is 7(a). We 
can also write 7(a) G 6{b) to mean that (5(6) C S and that 7(a) is one (of possibly 
many) elements of (5(6). This convention simplifies the formulas considerably. 

Notation. Before we go on, we need some notation. Let S be an ordered hyper- 
graph. 

1. The dimension of S is max{A; E oj : Sk $}, and it is denoted by dim{S). 

2. The sets of faces of different dimensions are assumed to be disjoint (i.e. Sk fl 

Si = 0, for k ^ I); S is also used to mean the set of all faces of S i.e. Ufe=o '^k', 



the notation ACS mean that ^4 is a set of some faces of S; Ak 

k e uj. 



AnSk, for 



3. If a G Sk then the face a has dimension k and we write dim{a) = k. 

4. S>k = {ji>kSi, S<k = [JzKkSi- The set S<k = [ji<kSi is closed under S 
and 7 so it is a sub-hypergraph of S, called k-truncation of S. 

5. S{A) = UaeA ^(^) image of ^ C S" under 5; 
7(^4) = {7(a) : a G ^4} is the image of A under 7. 

Following the convention mentioned above if either 7(A) or S{A) is a singleton 
we may treat them as a (possibly empty) single face. 



6. For a G S>i, the set 9{a) = 6{a) U 7(a) is the set of codimension 1 faces in a. 
We put 0{a) = e{a) n S. 

7. Let x,a G S. We define the following subsets of faces of S: 

(a) empty domain faces: = {a E S : 6{a) G I5}; 

(b) non-empty domain faces: = S — S^; we write 6~^{A) for d{A) PI S~^; 

(c) loops: = {a e S : S{a) = 7(a)}; 

(d) non-loops: S'-^ = S - S^; we also write 6~^{A) for 6{A) D S~^; 

(e) unary faces: = {a E S : \S{a)\ = 1}; 

(f ) for a G -S'>2 we define the set of internal faces of a; 

i{a) = {x e S :3a,be 6-^{a) : 7(a) = x€ (5(6)} = -fS'^ia) n 66-^{a) 

(g) internal faces: l{S); 

(h) miiia/ /aces: T = = 5" - 7(5-^); 

(i) X— cluster (of initial faces): 1^ = 1^ = {a ^ : 77(a) = x}; 
(j) initial faces over a: X-^° = {/? G X : /? <"*" a}; 

(k) X— cluster (of initial faces) over a: Z^^" =X-^"nXr. 

8. On each set S'fe we introduce two binary relations <^k,- and <'^fc'+. We usually 
omit k in the superscript and sometimes even S. 

(a) <,^°'~ is the empty relation. For A; > 0, the relation <^^k- ^j^g transitive 
closure of the relation <|'^fc'~ on Sk, such that a <\^k- jj jff ^(^^^ ^ ^(^^^^ 
We write a 5 if either a <'^'"~ 5 or 6 <'S'fc'- and we write a <~ b 
iff a = 6 or a <" b; 

(b) <^k,+ ig the transitive closure of the relation <\^k,+ on Sk, such that 

a<]^k,+ i) iff there is a G S^^^, such that a G S{a) and 7(a) = 6. We write 
a 5 if either a b or b <'^fe'+ a, and we write a <+ 6 if either 

a = b or a <+ 6. 

(c) a JL b if both conditions a b and a /~ 6 hold. 

9. Let a,b £ Sk- A lower path from a to 6 in 5 is a sequence of faces oq, . . . , 
in Sk such that a = ag, b = Om and, ^{ai^i) G 5(aj), for i = 1, . . . ,m. 

A lower path is a flat lower path if it contains no loops other than a or 6. 

10. Let X, y G Sk- An upper path from x to y in is a sequence oq, . . . , Um in /Sfc+i 
such that X G (5(ao), y = 7(0™) and, 7(aj_i) G (5(ai), for i = 1, . . . , m. 

An upper path is a flat upper path if it contains no loops. 

11. The iterations of 7, (5 and 9 will be denoted in two different ways. By 7*^, 
S'^ and O'^ we mean /c applications of 7 and 5, respectively. By 'y^^\ 6^^^ and 

we mean the application as many times 7, 5 and 0, respectively, to get 
faces of dimension k. For example if a G then S^{a) = 6SS{a) C ^2 and 
5(3) (a) = 56{a) C S3. 



3 Face structures 



To simplify the notation, we treat both 6 and 7 as functions acting on faces as well 
as on sets of faces, which means that sometimes we confuse elements with singletons. 
Clearly, both 5 and 7 when considered as functions on sets are monotone. 

We need the following relation. Let 5 be a hypergraph. We introduce an 'equal- 
ity' relations =1 on subsets of Sk U Is^-i^ foi" k E u, that may ignore the Ig-part of 
the sets in presence of faces from S. Let A, B C SkU Is^-i ■ We set that A is 1-equal 
B, notation A=i B, iS Au U^AnS) = BU le{Bns)- 

An ordered face structure {S, <^'''^)k£ui (also denoted S) is a hypergraph S to- 
gether with a family of {<^'"""}keuj of binary relations (<'^fc'~ is a relation on Sk), 
if it is non-empty, i.e. Sq ^ $ and 

1. Globularity: for a € S>2- 

77(a) = j6{a) - 66-^ {a), 6^{a) =1 d6{a) - 7(5"^ (a), 

and for any a G S: 

2. Local discreteness: if a;,y G S{a) then x y. 

3. Strictness: for k G to, the relations ^j^d ^5fc+i,~ ^^^.^ g^j-j^^ orders^; <c^o,+ 
is linear; (i.e. no flat path is a cycle). 

4. Disjointness: for k G oj, the relation <'^fe'~ is a maximal strict order relation 
contained in <'^'='~ that is disjoint from <'^'='+, i.e. for A; > 0, 

_L'S'fe,~ p _\_Sk,+^ 

for any a, 6 G 5^: 

if a <~ b then a <~ b 
if e{a) n e{h) = then a <~ b iff a <" b 
(i.e. if faces are not incident then <~ is the same as <~). 

5. Pencil linearity: for any a, 6 G -S'>i, a ^ b, 

if ^(a) n ^(b) / then either a _L~ b or a _L+ b 
for any a € iS'>2, b G S>2, 

if 77(a) G 6(b) then either a b or a b 
(i.e. if faces are incident then they are comparable). 

6. Loop-filling: 5^ C 7(6'"'^); (i.e. no empty loops). 

The relation <"*" is called the upper order and <~ is called lower order. 

The morphism of ordered face structures, the monotone morphism, f : S — > T 
is a hypergraph morphism that preserves the order <'~". The category of ordered 
face structures, is denoted by oFs. 

The relation <~ in an ordered face structure S induces a binary relation 
((5(a), <~) for each a G S^q (where <~ is the restriction of <~ to the set S{a)). 
In the construction of the free cj-categories over an ordered face structure we need 



By strict order we mean an irreflexive and transitive relation. 



to consider hypergraph morphisms that preserves only this induced structure (not 
the whole relation <~). This is why we introduce the category of local face struc- 
tures. 

A local face structure {S, <f'='~)ae5 is a hypergraph S together with a family of 
{((5(a), <f'='~)}ag5 of binary relations. The morphism of local face structures, the 
local morphism, f : S — > T is a hypergraph morphism that is a local isomorphism 
i.e. for a € S^i the restricted map fa : ((5(a), <~) — > ('^(/(•^t)); is an order 

isomorphism, where /„ is the restriction of / to (5(a). The category of local face 
structures, is denoted by IFs. 

Clearly we have a 'forgetful' functor: 

I - I : oFs — ^ IFs 

sending (S*, <'^'"~)fcetj to (5*, <~)ags^^ , where <^ is the restriction of <~ to 6{a), 
for a G Syi. 

Remarks. Before we go on, we shall comment on the notions introduced above. 

1. The reason why we call the first condition 'globularity' is that it will imply 

the usual globularity condition in the cj-categories generated by ordered face 
structures. The word 'local' in 'Local discreetness' as anywhere else in the 
paper refers to the fact that this property concerns sets of faces constituting 
the domain of a face rather than the set of all faces. 

The property of 'pencil linearity' is strongly connected with the property of 

positive face structures with the same name, c.f. [Z]. There it means that 
the set of faces with a fixed codomain x, j-pencil, (as well as the set of faces 
whose domains contain a fixed face x, d-pencil,) are linearly ordered by <"'". 
For ordered face structures the same is true about the faces that are not loops. 
The full condition also has some implications for loops in pencils. 

2. The relation =i, needed to express the (5-globularity, is a way to say that 

two sets of faces, that may contain empty faces, are essentially equal, even if 
they differ by some empty faces. We identify via =i two such sets if those 
empty faces are morally there anyway. A, B C SkU ^s^-i- Then the following 
conditions are equivalent 

(a) A =1 B; 

(b) the subhypergraphs of S generated by A and B are equal; 

(c) i = S, and i U Ig(^) = S U Ig(^). 

3. We shall analyze in details 7-globularity and 5-globularity but some easier 
observations first: 

(a) (5(5-= (a) = 6S{a), 56' (a) = 65{a). 

(b) If a; G r= then j-^(x) = and 77(x) = -/S{x) = 7(1„) = (5(1„) = (5(5(x) = 
7(5(a;). In particular, 7(0;) is a loop and 6{x) = l-y-y(a;), (i.e. u = jj{x)). 

(c) If 7(a) G then dj{a) = 

For (5-globularity we distinguish two cases 7(a) € T*" and 7(a) G T^=, and each 
has two parts, for faces, and for empty-faces (the condition for empty faces is 
translated to the condition about faces one dimension lower). 

Case 7(a) G : 

faces: (57(a) = 5d{a) — 7(5"'^ (a); 



e-faces: 77(^^(0) C 95'y(a); 

this is because we must have 66^ (a) C lgs^(^a)- 
Case 7(a) G : 

faces: 65{a) C j5^^{a); 
e-faces: 777(a) = 77^^(0); 

this is because we must have 1777(a) = ^lio-) = 66^ (a) = l^js^f^a)- 

The 7-globularity is much easier. We notice that if a G T*^ then the condition 
is still slightly simpler, empty faces play no role. We consider again two cases: 

Case a G T^: 77(a) = j6{a). 

Case a G T-': 77(a) = -f6{a) - 66-^ (a); 

i.e. all elements of '-fS{a) but 77(a) are in SS~^{a). So we have xq G (5(a) 
^-maximal in S{a) such that 77(a) = 7(^0). xq might be a loop in which 
case, if 7(a) is not a loop, there is another (unique) element xi G (5~^(a), 
such that 7(xi) = 77(a). 

4. If S has dimension n, as a hypergraph, then we say that S is ordered n-face 
structure. 

5. A fc-truncation of an ordered n-face structure S is not in general an an ordered 
fc-face structure. However ^-truncation of a local n-face structure is a local 
A:-face structure. This will be important later, in the description of the many- 
to-one computads. 

6. The size of an ordered face structure S is the sequence natural numbers 
size{S) = {\Sn — 5{S~^i)\}n^^, with almost all being equal 0. We have an 
order < on such sequences, so that {xnjnGoj < {yn}n&uj iff there is fc G w such 
that Xjf < y/. and for all / > fc, ,t; = iji. This order is well founded and many 
facts about ordered face structures will be proven by induction on the size. 

7. Let S be an ordered face structure. S is fc-normal iff dim(S) < k and 
size{S)i = 1, for I < k. S is A;-principal iff size{S)i = 1, for I < k. S is 
principal iff size{S)i < 1, for leu. S is principal of dimension A; iff 5 is 
principal and dim{S) = k. By pFs (nFs) we denote full subcategories of oFs 
whose objects are principal (normal) ordered face structures, respectively. 

4 Combinatorial properties of ordered face structures 
Local properties 

Lemma 4.1 Let S be an ordered face structure, x,a E S. Then 

1. if S{a) = Ix then x = 77(a); 

2. ifae then-f{a) G S^; 

3. if-i{a) eS^ then 5^ {a) 7^0; 

4. ifae S'-^ then 7(a) ^ S{a); 

5. 99 (a) = SS'{a); 

6. if X y then y I; 

7. if X <~ y then y . 



Proof. Ad 1. Assume that 6(a) = 1^ for some x G S. Then 6'^ (a) = and usmg 
7-globularity we get 

77(a) = 75(a) - (5(5~'^(a) = 7(5(a) = j^lx) = x 

Ad 2. Suppose a G 5^. By 1. we have S{a) = 177(a)- Then d~^{a) = 0. So using 
5-globularity we have 

,57(0) = 5S{a) - j6~^{a) = <5(l77(„)) = 77(a) 

i.e. 7(a) is a loop. 

Ad 3. Assume 7(a) G S^. The using 2. and globularity we obtain 

1777(a) = = '^<^(«) - 7'^"^(a)- 

Thus there is a; G d{a) such that S{x) = l^^^(a), i.e. x G S^{a). 

Ad 4. If we were to have 7(a) G S{a) then we would have 7(a) 7(a) contra- 
dicting strictness of <"'". 

Ad 5. As we have 77(o),7(^(a) C 5* and (57(a) C d6{a) we have 

ee{a) = (77(a) n Sj^a) n 7(5(a) n SS{a)) n I5 = ^(5(a) = (5(5^ (a). 
6. and 7. are obvious. □ 

Lemma 4.2 Lei 5 be an ordered face structure, t, a,b,a G S. 

1. Ifa^b,a,be S~^, and either 7(a) = 7(6) or (5(a) n (5(6) 7^ i/ien a ±+ 6. 
£ Ifa,be d~^{a), and either 7(a) = 7(6) or S{a) n (5(6) 7^ then a = b. 

3. Let t G 55{a). Then there is a unique flat upper 6^^ (a) -path from t to 'y^{a). 

4- If a & S^^ then there is the ^-largest element a G (5(a). For this a we have 
7(a) = 77((a;). All other elements of 6(a) have a well-defined '^-successor. 

5. If J (a) G 5'"'^ then there is the '-^-largest element a G 6~'^{a). For this a 
we have 7(a) = 77(a). All other elements (9/(5~'^(a) have a well-defined ~- 
successor in 6~^{a). 

6. If'y{a) G S~'^ and x G 6j(a) then there is a ^ (5~'^(a) such that x G (5(a). 

7. Ifa<+b then 7(a) <+ 7(6). 

Proof. Ad 1. Let a, 6 be as in the Lemma. By pencil linearity, as ^(a) n^(6) 7^ 0, it is 

enough to show that a _L~ b does not hold. Suppose contrary that a <~ b. Then, by 
disjointncss, a <~ b. Thus we have a flat lower path a = ap,, . . . = 6, with A; > 0. 
Now if 7(a) = 7(6) then we have a fiat upper path 7(a), ai, . . . , afc, 7(a) showing that 
7(a) <+ 7(a). This contradicts strictness, on the other hand, if some x G 5(a) PI (5(6) 
then we have a flat upper path x,ao, . . . , a^-i, 7(0^-1). Hence x 7(0^-1). As 
x,7(afe-i) G (5(6) we get a contradiction with local discreetness. 

Ad 2. This is immediate consequence of 1. and local discreetness. 

Ad 3. Fix t G 66{a). Let t,xi, . . . ,Xk,j{xk) be the longest fiat upper 66(a)- 
path starting from t (it might be empty). Such a path exists by strictness. If 
l{xk) = 77(0) we are done. So assume that 'j{xk) 7^ 77(a)- Wc have 'j{xk) G j6{a). 
So by globularity 7(xfc) G 66~^ and hence there is x^+i G 6^^ (a) such that 7(0;^) G 
(5(xjk+i), i.e. t,xi, . . . , Xk, Xk+i, ^{xk+i) is a longer fiat path starting from t and we 



get a contradiction. Thus 7(2;^.) = 77(a) and we have (5(5(a)-path from t to 77(a). 
The uniqueness of this path follows from 2. 

Ad 4. As a G S~^, by globularity, there is a G S{a) such that 7(a) = 77(a). If 
there is a loop a G S{a) such that 7(a) = 77(a) then by local discreetness there is 
~-largest such loop. Let ag be the ~-largest loop in 5{a) such that 7(ao) = 77(0) 
if such a loop exists or else the unique ao G (5^^ (a) such that 7(ao) = 77(0!)- We 
shall show that ao is the ~-largest element in 6{a). 

We consider two cases. If 7(6) = 77(a) by pencil linearity, 2. and definition of 
ao we have b <~ ao- If 7(6) 7^ 77(a) then by 1. there is a flat upper (5(a)-path 
7(5), 61, 77(a) with k > 0. By the previous argument b^ <~ ao and hence 
b <~ ao. Thus in either case ao is the ~-largest element in (5(a). For a G S{a) — {ao} 
we define the successor in S{a) as follows: 

J inf^(A) if ^ = {a' G S^{a) : 7(a) = 7(a') and a' <~ a} 7^ 0, 
suca{a) - I ^„ ^^^^ ^^^^ ^„ ^ ^-A(^)^ g ^(^//)^ otherwise. 

The verification that it is a well defined successor is left for the reader. 

Ad 5. Assume that 7(a) G S~^. First assume we have ao G 5~^{a) such that 
7(00) = 77(a). Then by 2. such ao is unique and by an argument similar to the one 
above ao is ^-largest in 5~^{a) and all other elements in 5~^{a) have a successor 
there. Thus it remains to find oq. 

Note that to find ao it is enough to find x G 55{a) such that x ^ 77(a). Having 
such x, by 3., we have a flat upper (j~^(a)-path x,bi, . . . ,bk, 77(a) with A; > 0. We 
put ao = bk- 

To find X we consider two cases. If 7 G then 77(a) 6j{a) C 66{a) and 
5j{a) 7^ 0. Then any element of Sj{a) can be taken as x. 

If 7 G S**^ then 1^^^(q,) = 5^{a) C 55{a). So there is a G 6{a) such that 5{a) = 
l^-y^(Q,). If 7(a) = 77(a) then we found ao = a directly. Otherwise 77(a) 7^ 7(a) G 
7(5(a). So 7(a) G 66{a) and we put x = 7(a). 

Ad 6. Suppose 7(a) G and x G 6^{a). Then 7(a) G S"^ and we have 
77(a) Sj{a) C S6{a). By 3. there is a fiat upper (j""^ (a)-path x,ai, . . . ,afe, 77(a). 
Then x G (5(ai) and ai G (5~''*(a), as required. 

Ad 7. The essential case a 5 follows from 3. Then use induction. □ 

Notation. Having 4.2.4 we can introduce farther notation. If a G then the 
^-largest element in 5{a) will be denoted g{a). 

If 7(a) G S'"'^ then the ~-largest element in 5^'^ (a) will be denoted g~^{a). 

Clearly, whenever the formulas make sense, we have 

77(") = i{q{<^)) = j{g~^{a)). 
Lemma 4.3 Let S be an ordered face structure, a, 6, a G S. 

1. 7(a) G iffS{a) C or a e S^. 

2. If be and a <+ b then a G S^. 

3. If a e then there is a G 1-^{a) such that 7(a) <+ a and 6{a) = 17(0)- 
4- If a e then there is b eZ such that b a. In that case 5{b) = 6{a). 

5. If X e then there is b el such that 7(6) <+ x. In that case 5{b) = l-y^j,). 

Proof. Ad 1. By Lemma 4.1.2 if a G S*"^ then 7(a) is a loop. So assume 
that 5{a) C S^. Then 5'^{a) = 0(= 55^^{a) = -f5'^{a). As for x G (5(a) we have 
7(x) = 6{x)^ we also have 7(5(a) = 56[a). Thus by globularity, we have 

77(0) = 7(5(a) - 55-^ {a) = 7(5(a) = 55{a) = 55{a) - 7(5"^ (a) = (57(a) 



i.e. 7(a) is a loop, as required. 

=^. Suppose now that 7(a) G S^. If 5{a) = l-y-y(a) then a G S^. So assume that 
S(a) C S. By globularity, we have 

75(0) - 66-^ (a) = 77(a) = (57(a) = 56{a) - jd'^ia). (6) 

If (j-^(a) = then SS-^{a) = jS'^ia) = and jS{a) = 6S{a) = 77(a) i.e. (5(a) C S^, 
as required. 

So suppose now that (5~^(a) 7^ 0. Let x G (5~^(a) be the ~-largest element in 
(5~^(a). Such an a; exists by Lemma 4.2. Then 7(0;) G 7(5~^(a) C 7(5(a). By (6) 
we have 7(x) G 56~^{a), and hence wc have x' G (5~'^(a) such that 7(2;) G 5{x'). 
As x,x' G (5(a) we have x a;'. Moreover if we were to have 7(3:') G 6{x) we 
would have 7(0;) <+ 7(0;) contradicting strictness. Thus, by pencil linearity, we 
have X <~ x', i.e. x is not ~-largest element in S~^{a) contrary to the supposition. 
Hence ^""^(a) = indeed, and (5(a) C S^, as required. 

Ad 2. Use 1. and then induction. 

Ad 3. Use loop-filling, pencil linearity, strictness, and 1. to get a maximal 
upper S — 7(5~^)-path ai, . . . , ak,a ending at a with k > Q. Then ai G 1y(a) 
7(«i) a. 

Ad 4. Suppose 7(a) G 5^. By globularity we have l^^^(a) = (57(q;) C 55(a). 
Then there is a G (5*^(0) 7^ 0. The thesis follows form the above observation= , 
strictness, and inductions. 

Ad 5. Fix X e S^. By loop- filling and strictness there is a G such that 
7(a) X. The rest follows from 4. □ 

Lemma 4.4 Let S be an ordered face structure a,a,b E S. 

1. i5{a) = z.7(a). 

2. Ifa<+b then t(a) C t(6). 

Proof. Ad 1. First we prove /-7(a) C <,(5(a). Fix u G t7(Q;), i.e. wc have 
x,y £ 5~'^^{a) such that 7(2;) = u G (5(y). Let x, ai, . . . , a^, be a maximal fiat 
upper (5~^7(a)-path starting from x such that ^■~f{ai) = u for i = 1, . . . , /c. It might 
be empty in which As X G -S by Lemma 4.3.2, x' e S ^. Since 

7(x') = u E t'y{a) it follows that 7(x') 7^ 777(a). Thus x' ^ 'yj{a). By Lemma 
4.2.3 there is a G 5^'^{a) such that x' G (5(a). By maximality of .x, 04, . . . , a^., ,t' 
we have 77(a) 7^ 7(2;')- Again by Lemma 4.2.3 there is y' G 5^'^{a) such that 
7(.x') = u G (5(2/')- But then u G t(a) C i5{a). 

Now wc shall show i(5(a) C t7((a;). Let a G (5(a) and u G t(a), i.e. there are 
x',y' G (5"^(a) such that 7(x') = u E S{y'). We shall construct x,y G (5~'^7(a) such 
that 7(x) = u & (5(y), i.e. u G /.(a). 

Construction of x. Let a;, . . . , ai, x' be the maximal fiat (5~^'^(a)-path (possibly 
empty) ending at x' such that 77(ai) = 7(x') and 7(ai) G 5'"'*', for i = 1,...,/. 
Thus there is x G 5~'^{ai) such that 7(x) = "fj{ai). If x G 5j{a) we have x with 
the required property (if the sequence is empty x = x'). So suppose contrary that 
X (57(a). Since x G 55(a), by globularity, it follows that x G 7^^^ (a). So there 
is a^+i G d~'^(a) such that j(ai+i) = x. Since x G S~'^, we have a^+i G S~^. 
But then the path a;+i, a;, . . . , ai, x' is longer then the maximal one and we get a 
contradiction. 

Construction of y. Let 6^, . . . , 61, x' be the maximal fiat S~^'^(a)-pa,th (possibly 
empty) ending at y' such that u G S5~^(bi) = 7(x') and j(bi) G S~'^, fov i = 1, . . . ,k. 
By Lemma 4.2.6 there is y G 5~''^(bk) such that u G 5(y) (if the sequence is empty 
y = y'). If y & 5'y(a) we have y as required. So suppose that y (57(a). As 



y G 55{a), by globularity, we have that y G ^6~'^{a). So there is 6^ + 1 G 5~^{a) 
such that 7(6fe+i) = y. Since y G S~^, we have G . But then the path 
5b, . . . ,bi,y' is longer then the maximal one and we get a contradiction again. 
Ad 2. Use 1. and induction. □ 

Lemma 4.5 Let S be an ordered face structure a,a,b € S. 

1. We have inclusions 

djj{a) ^ d^S{a) 

66j{a) " 66d{a) 

2. 99{a) = 77(a) U SS'^ia), 77(a) n S6~^{a) = 0. 

3. ee{a) = (57(a) U jt^ia), 6^{a) H j6-^{a) = 0. 

4- 99{a) = 77(a) U L{a) U 57"'*''^ (a) (disjoint sum). 

5. ee{a) = ee{a) = e6{a). 

6. m{a) = 9e-f{a). 

7. Ifa<+b then e9{a) C ee{b). 

8. ^^(^■+i)(a) = M-^7(*=+2)(a) U7(^')(a). 

9. je9^^+^\a) C ^(*=)(a). (don't bother with 1^'s) 

10. jd-^d{a) = jd-^j{a). 

11. 7(5-^0('=+2)(a) =7^-^7('=+2)(a). 

Proof. Ad 1. This is an easy consequence of 57(a) C 55{a) and 77(a) C 75(a). 

Ad 2. Let A = 77(a) U M-^(a). Clearly A C ()e{a). We shall show the converse 
inclusion. From globularity we have 77(a) € 7^(0,) C A and ^7 C 85{a) — 55~'^{a) U 
55^ {a) U 66{a). Moreover 55^ {a) = 7(5^(a) C 7(5(a). Finally, if 5{a) / then 
(5(a) = 177(a)- So 55(a) = 5(l^^(a)) = 77(a) G A. Thus the other inclusion holds as 
well. The second part follows directly from 7-globularity. 

Ad 3. Let B = (57(a) U 7(5"^ (a). Clearly B C ()e{a). Wc shall show the converse 
inclusion. From globularity we have (55(a) C B and 77 G 75(a) = ^5^'^{a)^^5'^{a)U 
j5{a) Moreover 75^(a) = 55^(a) C 55(a). Finally, if 5(a) ^ then 5(a) = l77(a,). So 
75(a) = 7(l^^(a)) = 77(c^) £ ^- Thus the other inclusion holds as well. The second 
part follows directly from 5-globularity. 

Ad 4. Using 2. and 3. we have 

i{a) n (77(a) U 57(a)) = (75"^(a) n 6d~^{a)) n (77(a) U 57(a)) C 
C (7(5-^ (a) n 57(a)) U (77(a) n 5(5"^ (a)) = u = 

i{a) U (77(a) U 57(a)) = (75"^(a) n 55"^(a)) U (77(a) U 57(a)) D 

2 (75"^(a) U 57(a)) n (77(a) U 5(5-^(a)) = e9{a) n ^^(a) = 99{a) 

Note that 5j{a) = 5'j~'^{a) and if 7(a) G /S"^ then S^{a) = 77(a). Prom these 
observations the rest follows. 



5. Easy application of 2. and 3. 

6. We need to show that 995(a) C 99^{a). By 4. it is enough to show the 
following three inclusions: i5{a) C 99j{a), j^S{a) C 99j{a), SjS{a) C 99j{a). The 
first follows immediately from 4. If 7(0:) G then, as in this case 7^(0;) = 77(0; 
the second and third inclusions hold as well. Thus we shall show the second and 
third inclusion in case 7(a) G S~'^. 

Assume t € j^S{a). Pick ~-minimal a G S{a) such that t = 77(a). Then either 
a £ OT a e S~^. In the former case S{a) = l-y-y(o) S 66 (a), and by (5-globularity 
(see definition of =1) we have that t = 77(a) G 96'j{a). In the later case by Lemma 
4.2.4 (see also notation after the proof) x = g~^{a) G 6^'^ (a) is well defined and we 
have 7(0;) = 77(a). By ~-minimality of a, we get x j6~'''{a). As x G 66{a) again 
by 5-globularity we have that x G 6j{a). Thus t = j{x) G j6^{a). Thus in either 
case t G 96^{a). This end the proof of the second inclusion. 

Now assume t G 6^6{a). Pick ~-minimal a G 6{a) such that t G 6^{a). Then 
either a G S"*" or a G S~'^. In the former case 7(a) G S^. Then using the second 
inclusion we get 

t G 57(a) = 77(a) G 77(5(a) C 99^{a) 

In the later case by Lemma 4.2.6 there is a; G 6{a) (i.e. x G 66{a)) such that 
t G 5(x). By ~-minimality of a, a; ^ 75""^. So by 5-globularity we have x G 57(a). 
Thus t G 6{x) C 557(a). Thus in either case t G 99^{a). This end the proof of the 
third inclusion and the whole statement 6. 

For 7. and 8. Use 1., 5., 6., and induction. 

9. Exercise. 

Ad 10. D. As 57(a) C 55(a) we have 5"^7(a) C 6~^6{a). So 75~^7(a) C 
75~-^5(a). 

C. Let t G 75'~'^5(a). Pick ~-minimal a G 5(a) such that there is x G 6~^{a) 
so that t = 7(x). By ~-minimality oi a x ^ ^5~^{a) and hence by 5-globularity 
X G 5~'^7(a). Thus t = 7(x) G 75~'^7(a), as required. 

11. follows from 10. by induction. □ 

Lemma 4.6 {99 induction) Let S he an ordered face structure a, a, 6 G S. 

1. ifae 6~'^^{a) then 77(a) ^ 5(a); 

2. if a, be 5-^^ (a) then 5(a) n 6{b) = 0; 

3. 99{a) = 77(a) u55-^=(a); 
4- 99 -induction. Whenever 

(a) if Ac 99{a); 

(b) 77(a) G A; 

(c) for all a G 6~^^{a), if ^{a) G A then 5(a) C A 
we have A = 99 (a). 

Proof. 1. and 2. follows from pencil linearity. 3. follows from Lemma 4.5.2 and 
that 66^^^ = 66^^. The ^?(^-induction follows from 3. □ 

Lemma 4.7 Let S be an ordered face structure a, a' G S. 
1. If a,a' G and 7(a) G 5(a') then a <~ a'. 



2. If a <- a' and 9{a) n 9{a') ^ then 7(a) G 5(a'). 



Proof. Ad 1. Let a,b ^ such that 7(a) € j{b). By strictness we cannot have 
b <~ a. Thus by pencil hnearity it is enough to to show that a JL^ b. 

Suppose a b, i.e. there is a fiat upper path o, ai, . . . , a^, 6. As a G S~^, 
by Lemma 4.3, 7(01) G S^'^, for i = 1, . . . ,r. Now either 7(a) = 77(0;^) = 7(6) 
or there is 1 < i < r such that 7(a) 7^ 77(aj). As 6 G and 7(a) G 5{b) the 
former is impossible. Fix minimal zq such that 7(0) 7^ 77(ai(,). Then, by Lemma 
4.5.2, 7(a) G 6S{aiQ). As 7(aig_i) G (or a G S^"'^ if zq = 1) using Lemma 
4.4 we get 7(a) G i{aig) C 1(0^). On the other hand 7(a) G S{a) C (57(0;^) and 
57(ar) n i(ar) = 0- But this contradicts Lemma 4.5.4. Thus a <"*" b cannot hold. 

Now suppose that b <"*" a, i.e. there is a flat upper path b, Pi, . . . , Pr,b. As 
a G 5"'^, by Lemma 4.3, 7(/3i) G 5"-^, for i = 1, . . . , r. Now either 7(a) G (^7(/3r) 
or there is 1 < z < r such that 7(a) G S^{Pi). As a G and 7(/3r) = a the 
former is impossible. Fix minimal ii such that 7(a) 5^{f3ij^). By Lemma 4.5.3 
we have 7(a) G 7(5(Ai). As 6 G S^^, if ii > 1 then 7(/3j^_i) G 5"^, as well. Thus 
7(a) G ^ '•(/3r)- But 7(a) = 77(/3r)- But this contradicts Lemma 4.5.4. again 

and hence 6 a cannot hold either. 

Therefore a b and then a <~ 6. 

Ad 2. If a <~ 6 then we have a lower path a = oq, ai, . . . , a^, ak+i = a' , with 
> 0, such that ai, . . . , a/j is flat. If k = then 7(a) G (5(o') and we are done. We 
shall show, using 9{a) fl 0{a') 7^ 0, that A; > is impossible. 

If 7(a) = 7(0') then 7(a), ai, . . . , a^, (ofc+i), 7(a') is a flat upper path, where the 
face (ttk+i) in parenthesis () is optional i.e. it is in the path iff it is not a loop. If 
k > then is not strict. 

If X G S{a) n S{a') then we have a flat upper x, (ao),oi, . . . ,0^,7(0^), with ao 
optional. If > then x <^ 7(afe) G S{a'). If a; = 7(0^) then is not strict and 
if X 7^ jiak) then, as x,j{ak) G S{a'), we get contradiction with local discreetness. 

If 7(a') = 5(a) then 7(a'), (ao), ai, . . . , a^, (afe+i),7(a') is a flat upper path, and 
again if A; > 0, we get contradiction with strictness of <+. □ 

Lemma 4.8 Let S be an ordered face structure a, a,b,x € S. 

1. If9{a) n i{a) 7^ then a <+ 7(a). 

2. IfaES — j{S~'^) and x G 9{a) fl i(a) then there is b E S{a) such that a b 
and X G 0{b). 

Proof. 2. can be easily deduced from the proof of 1. 

Ad 1. First we show that if x G t{a) then there is a' <+ q such that x G L{a') and 
a' G 5 — 7(6'"''*). Take as a' a +-minimal face such that x G i{a') and a' a. If 
a' G jiS'^) then there is ^ G such that 7(^) = a'. As x G t(a') = t7(^) = i6{^) 
there is a" G (5(^) such that x G i{a"). As a" a', a' was not minimal contrary 
to the supposition. Thus a' £ S — j{S^^). 

Next we show that it is enough to show 1. in case a G S — j{S~'^). Suppose that 
X G 9{a)r\L{a) for some x € S. By the above there is a' <+ a such that x G /.(a') and 
a' G S — 7(5"^). So by Lemma 4.2.7 and the above we have a <"*" 7(0') <^ 7(a), 
as required. 

So assume that a G 5 — 7(5'"^) and x G ^(a) n<-(a) for some x E S. We consider 
three cases: 

1. a G and 7(a) = x G L{a); 

2. a G 5"-^ and x G (5(a) fl 1(0:); 



3. a G S^. 



We fix 6, c € 5^'** (a) such that 7(6) = x € S{c) for the rest of the argument. 

Case 1. By Lemma 4.2.1 we have a _L+ 6 or o = 6. If a <"*" b then we arc done. So 
we need to show that b ■^'^ a. Suppose contrary that b <+ a and 6, . . . , a is a 
fiat upper (S'-7(S'~'^))-path from 6 to a. As be 5{Pi)nS{a) and Pi,a e S-'j{S~''') 
we have /3i = a. Thus x = 7(a) G t(Q;) = i{Pi) Q i-{Pr) x = 7(a) = 77(/3r-) ^ 
L{Pr) and we get a contradiction. 

Case 2. Again by Lemma 4.2.1 wc get that a X"*" c or a = c. If a <"*" c 
we are done. We shall show that c ft'^ a. Suppose contrary that c <+ a and 
c, /3i, . . . ,f3r,a is a flat upper (S" — 7(S'~^))-path from c to a. As c G S{Pi) n 5{a) 
and a G — 7(6'"''*) we have /?i = a. Hence x = 7(a) G i(a) = C i{Pr) and 
X G 5(a) = 5^{(5r) ^ i(/3r) and we get a contradiction again. 

Case 3. By loop-filling, pencil linearity, and strictness we have a flat {S—^{S~^))- 
path ao, . . . , ttfc ending at a such that ckq G S"^. As a G S""^ we have 7(ai) G S*^ ,for 
i = 0, . . . , fc, and 77(00) = 7(a)- Thus by pencil linearity we have either ao <~ a 
or Qfo <"*" a- As ao, a G 5 — 7(5"^) the later is impossible. It remains to show that 
if ao <~ a then a <^ ^{ot). Let ao, . . . , /?r = a be a flat lower S — 7(S'~^)-path. 
Since a-i, (3j £ S — 7(6""^) we have Oj = Pi for i = 1, . . . ,min(A;,r). If r < k then 
7(a) <+ a. But 7(a) ^S^ 3 a. This is a contradiction with Lemma 4.3.1. So < r 
and hence a = 7(a/j) 7(/?r) = 7(")- Since a G 9 7(0^); we have in fact that 
a 7(a), as required. □ 

Lemma 4.9 Let S be an ordered face structure a, b,c,de S. 
1. If a<^ b <^ c and a,c<+ d then b <+ d. 

Proof. 1. is easy. □ 
Global properties 

Let S be an ordered face structure, n,i E u, a, ai G Sn, for i = 1, . . . , A;. The weight 
of a face a is the number 

wt{a) = \{b eS-^ : b <+ a}\ 
The weight of a flat path a = ai, . . . is is the sum of weights of its faces wt{a) = 

Lemma 4.10 Let S he an ordered face structure a,a E S, and ai, . . . ,ak flat lower 
S"^ {a) -path with k > 0. Then 

k 

wt{'y{a)) > ^wt{ai). 
1=1 

Moreover, wt{a) = iff a E or a ^ 7(6'"^). 

Proof. Let a, ai be as in assumptions of Lemma. Then for b E S, ii b ai then 
b 7(0). As Oi -ft^ aj for any 1 < i, j < k, to prove the inequality we need to show 
that the faces on the right hand side are calculated at most once, i.e. for 6 G 5'"^, 
if b ai then b ■ft'^ aj for j ^ i. Suppose contrary, that b <"•" Oj and b <^ aj, with 
i < j. Then, by Lemma 4.2.7, 7(6) <^ 7(0*) and hence b <~ aj. So by Lemma 4.7 
b <~ aj. But b <+ Qj and we get a contradiction with disjointness. 
The last statement of Lemma is left for the reader. □ 

Lemma 4.11 Let S be an ordered face structure, X convex subset of S, x,y E X. 
If X <+ y then there is a unique fiat upper {X — 'y{X~^))-path from x to y. 



Proof. Let X, x, and y be as in assumptions of Lemma. As X is convex there 
is a fiat upper X-path x,ai, . . . , a^, y. Assume that it is a path with the smallest 
weight. Suppose that there isi <k such that € 7(X^^). Hence there is a G X"^ 
such that 7(0;) = aj. Let 

/ fx if i = 1, 

X — \ 

I 7(ai_i) otherwise. 

Then x' E (5(aj) fl (57(a) C (5(5(ai). By Lemma 4.2.3 there is a flat upper 5~'^{a)- 
path x' ,bi, . . . ,br,'y{ai). By Lemma 4.10, wt{bi, . . . ,br) < wt{ai), and hence 
wt{ai, . . . , fli-i, bi, . . . ,br, aj_|_i, . . . , Ofc) < iyt(ai, . . . , a^), contrary to the supposi- 
tion that the weight of the path x,ai, . . . , a^, y is minimal. Thus x,ai, . . . , ak,y is a 
{X — 7(X^'^))-path, as required. The uniqueness of the path follows from Lemma 
4.7 and pencil linearity. □ 

A lower fiat path ao,...,ak is a maximal path if S{ai) C 5{S) — 7(6'"^) and 
7(afe) G j{S) — 5(3^^), i.e. if it can't be extended either way. 

Lemma 4.12 (Path Lemma) Let k > 0, gq, . . . ,ak be a maximal lower flat path 
in an ordered face structure S,bE:S,0<s<k, Us b. Then there are 
0<l<s<p<k such that 

1. ai<^bfori = l,... ,p; 

2. 7(ap) = 7(6); 

3. either I > and 7(a/_i) G 5{b) 

or I = and either oq G and 77(00) £ 66{b) or oq G 5"*^ and S{ao) C 6{b); 

4- ai <~ b <~ aj, for i = 1, . . . , Z — 1 and j = p + 1, . . . ,k; 
5. j{ai) G i{S), for I < i < p. 

Proof. We put 

I = min{Z' < s : V;/<i<5 <"*" b} p = max{p' > s : Vs<i<p' <"*" 6}. 

Then 1. holds by definition. 

Ad 2. Suppose contrary that 7(0^) 7^ 7(^)- Let ap,/3oi • • ■ Pr,b be a flat upper 
path from Op to 6. As o G S^''^ we have "f{Pr) £ •S'"'^ for i = 1, . . . ,r. Let io = 
min{i : 7(0^) / 7(A)}- Then 7(ap) G ^(Ao) ^-^d hence, by maximality of the path, 
p < k and (5(ap+i) fl <.(/3j(,) 7^ 0. Thus, by Lemma 4.8, Op+i j{Pio) < 7(/3r) = ^ 
contrary to the definition of p. 

Ad 3. Let ai, j3i, . . . , l3r,b be a flat upper path. We consider two cases: I > 
and / = 0. 

Case I > 0. Suppose contrary that 7(a;_i) ^ Sj{Pr)- Let ii = min{z : 7(a;_i) ^ 
(57(/3j)}. Then 7(a/_i) G i(Ai) and hence, by Lemma 4.8, a;_i 7(/3ii) 
liPr) = b contrary to the definition of I. 

Case 1 = 0. If ao G then, using Lemma 4.5, we have 

77(ao) G eediPo) C ee7(A) = 9e{a) = ed{a), 

as required in this case. 

So now assume that gq G S~^. As, by maximality of the path, there is no face 
a G such that 7(a) G S{ao), we have 6{ao) n 7(5~''*(/3j) = for i = 1, . . . , r. 
Clearly d{ao) C 56{j3o). Suppose that 6{ao) C S6{Pi) with z < r. Then 



S{ao) C SSiPi) - 7d-\Pi) = C SS{Pi+,) 



(last C make sense only for i < r). Thus 6{ao) C 6'y{Pr) = S{b), as required. 
4. follows easily from Lemma 4.3.7. 

Ad 5. Fix I < i < p. Let Oj,/?!, . . . 6 be a flat upper path. If wc were to 
have 7(ai) ^ Ui=o '^(/^r), by an argument similar as in 2., we would have 7(aj) = 7(6) 
contradicting strictness. □ 

Lemma 4.13 (Second Path Lemma) Let k > 0, qq, . . . ,ak be a flat lower path 
in an ordered face structure S, x G S{aQ) — ^{3^"^), h ^ S, <"*" h. Then either 
X € (5(6) or there is < i < k, such that 7(0^) € S(b), and hence x <"*" y for some 
y G S{b), (y = 7(aj;. 

Proof. This is an easy consequence of Path Lemma. □ 
Convex sets 

Let S be an ordered face structure, n, i G a, G 5^, for i = 1, . . . , /c. The height 
of a face a in S is the length of the longest fiat upper [S — 7(5~^))-path ending 
at a. The height of a is denoted by hts{a) or if it does not lead to confusions by 
ht{a). The height of a flat path a = ai, . . . is is the sum of heights of its faces 

ht{a)=j:i=i ht{ai). 

The depth of a face a in 5 is the length of the longest fiat upper {S — 'y{S~^))- 
path starting from a. The depth of a is denoted by dhs{a) or if it does not lead to 
confusions by dh{a). The depth of a flat path a = ai, . . . is is the sum of depths 
of its faces dh{d) = Xli=i dh{ai). 

Let X be a subhypergraph of S. We say that X is a convex subset in S if it is 
non-empty and the relation is the restriction of <'^'+ to X. 

Let X be a convex subset of S*, a G X. The X-depth of a face a is the length 
of the longest flat upper (X — 7(X~^))-path starting from a. The X-depth of 
a is denoted by dhx{a). li X = S and it does not lead to confusions we write 
dh{a). The X-depth of a flat path a = ai, . . . Ofe is is the sum of depths of its faces 
dhx{a) = Ei=idhx{ai). 

Lemma 4.14 Let X be a convex subset of an ordered face structure S. Then X 
satisfy all the axioms of ordered face structures but loop-filling, where as <^'~ we 
take <'^'~ restricted to X. 

Proof. The only fact that needs a comment is that if a <^'~ b then a <^'~ b. But 
this follows from the observation that a = aq, ai, . . . , a^-i) Qfc = b, (k > 0) is a lower 
path iff 7(ao), ai, . . . , a^-i, 7(0^-1) is a (possibly empty) upper path. □ 

Lemma 4.15 Let X be a convex subset of an ordered face structure S, and a,a,b E 
X. 

1. dhx{a) = iffa^d-^{X). 

2. Ifae X-^ - 7(X-^) and b G 6{a) then dhx{b) = dhx{l{a)) + 1. 

3. a <^ b then dhx{a) > dhx{b)). 



Proof. Easy. □ 



Lemma 4.16 Let S be an ordered face structure, X convex subset of S, x,y G 
X — l{X) and x <+ y. Then there is a fiat upper {X — 5{X~^))-path from x to y. 

Proof. Let x,y £ X — i{X) and x <"*" y. Let x, ai, . . . , am,y be a flat upper 
X-path of least X-depth. Suppose that it is not {X — (5(X^'^))-path. Thus by 
Lemma 4.15 dhx{ai, . . . , am) > 0. Pick Og of maximal X-depth in ai, . . . ,am- Let 
a e X - j{X~^) such that G 5{a). Let 

/ = min{^' < s : yi'<i<s ai G S(a)} p = max{p' > s : ys<i<p' € 5{a)}. 

Since x,y X — t{X), by an argument similar to the one given in Path Lemma, we 
get that 7(ap) = 77(0;) and with 



x' G 57(0;). Thus x,ai, . . . , a/_i, 7(a), Op+i . . . , a„i, y is a path of a smaller X-depth 
then x,ai, . . . , am, y, contrary to the assumption. Therefore x,ai, . . . , am, y is in fact 
a (X - (5(X-^))-path. □ 

Order 

Lemma 4.17 Let S be an ordered face structure, a E S. Then the set 



is linearly ordered by <"*". 

Proof. Let a, ai, . . . , be a maximal fiat upper S — 7(S'~^)-path starting from a. 
Then the set 



is obviously linearly ordered. □ 

Lemma 4.18 Let S be an ordered face structure a,b,c E S. 

1. If a b and b <~ c then a <~ c. 

2. If a <~ b and b <+ c then either a <~ c or a c. 

Proof. Ad 1. Assume a b and b <~ c. Let a,ai, . . . , ak, be a flat upper path 
from a to 6 and 6 = 60, 61, . . . , 6; = c a lower path from from b to c. Using Lemma 
4.2 we get a flat upper (Jj 5(aj)-path 7(a), ai , . . . , ar^{b). Thus we have a lower path 
a, ai, . . . , Or, 61, . . . , 6; = c, i.e. a <~ c. If 6{a) n 0(c) = then clearly a <~ c. 

If 0(0) n 9{c) 7^ then by pencil linearity we have a _L"'" c or a ±~ c. We shall 
show that the only condition that does not lead to a contradiction is a <~ c. 

If a <"•" c, then, as a b, by Lemma 4.17 we have b c. Contradiction. 

If c <"*" a, then, as a <"*" 6, we have c J."*" b. Contradiction. 

If c <~ o, then, as b <~ c, we have 6 _L~ o. Contradiction. 

Ad 2. Assume a <~ 6 and 6 <"*" c. First note that by an argument as above 
we can show that if a and c are comparable at all then either a<~c or a<"'"c. 
Thus it is enough to show that a and c are comparable. Let a, oi, . . . , a^, 6 be a 
lower path with A; > 0. We can assume that ai, . . . , is a flat path. As, b <+ c by 
Path Lemma either oq <~ b or oq <"*" b. In the former case we have 0{a) nO{c) = 
and that a <~ c. Thus a <~ c. In the later either 7(a) G (5(c) and we are done or 
there is a flat upper path a,ai, . . . ,ar,c and i < r such that 7(a) G ^(ai). Then by 
Lemma 4.8 we have a <+ 7(ai) <"*" 7(0;^) = c, as required. □ 




X if Z = 1, 

7(a/_i) otherwise. 



{6 G 5 : a <+ 6} 



{a} U {7(ai) : i = 1, . . . , fc} = {6 G 5" : a <+ 6} 



Lemma 4.19 Let S be an ordered face structure, a,b E S. Then we have 

1. Ifa<+b then 7(a) <+ 7(6); 

2. IJa<^b then 7(a) <+ 7(6); 

S. If ^{a) = 7(6) then either a = b or a _L"'" b or a J-^ b; 

4- If J (a) <^ 7(6) then either a <^ b or a <~ b; 

5. Ifj{a) ±~ 7(6) then a JL'~^ b and a JL~^ b. 

Proof. 1. is repeated from Lemma 4.2.7. 

Ad 2. If a <~ b then there is a lower path a = ao,ai, . . . ,am = b. Hence 
7(a) 

7(5) is an upper path. So either 7(a) = 7(6) or after dropping loops 
from the sequence ai, . . . , we get a flat upper path from 7(a) to 7(6), as required. 

Ad 3. This is an immediate consequence of pencil linearity. 

Ad 4. Suppose that 7(a) <"'' 7(&). If 0(a) n 9(b) ^ then the thesis is obvious. 
So assume that Q(a) fl Q{b) = 0. Thus, by disjointness, it is enough to show that 
either a 6 or a <~ b. There is a flat upper path 7(a), ai, . . . , a^, 7(^'), with 
m > 1. 

Now we argue by cases. If b is a loop the clearly a < b. Similarly, if 5 — am 
then m > 1 and hence a <~ b. Finally, assume that a„i <^ b. If ai <~ b then a 
If ai <+ b then we have a flat path ai, ai, . . . , a, , 6. Using our assumptions we flnd 
i < r such that 7(a) G L(ai). Then by Lemma 4.8.1 we get that a <^ 7(0;^) 6, 
as required. 

Ad 5. It is an immediate consequence of 1., 2. and disjointness. □ 

Proposition 4.20 Let S be an ordered face structure, a.b G S. Let {ai}o<i<n; 
{bi}o<i<n be two sequences of codomains of a and b, respectively, so that 

ai = j(^(a), bi = ^^\b) 

(i.e. dim(ai) = i), for i = 0, . . . ,n. Then, there are two numbers I and k such that 
0<l<k<n, l<k and either 

1. ai = bi for i < I, 

2. ai <+ biforl<i< k, 

3. tti <~ bi for k = i <n, 
4- Oi JL bi for k < i < n, 

or 1.-4- holds with the roles of a and b interchanged. 

Proof. The above conditions we can present more visually as: 

ao = 60, • • • ,0;-! = h-i,ai <^ bi,...ak bk, 

O'k+l < bk+l, ak+2 / bk+2, ■ ■ ■ ,an bn- 

These conditions we will verify from the bottom up. Note that by strictness <'^0'+ is 
a linear order. So either oq = 60 or ao -L"*" 60 ■ In the later case 1 = 0. As a b then 
there is i < n such that aj 7^ 6j. Let I be minimal such, i.e. I = min{i : 7^ By 
Lemma 4.19.3, a/ _L+ 6/ or a/ ±~ 6/. We put k = max{i < n : ai X"*" bi or i = I}. If 
k = n we are done. If A; < n then by Lemma 4.19.4, we have ak+i -L~ bk+i. Then 
if /u + 1 < n, by Lemma 4.19.5, / 6, for + 2 < z < n. Finally, by Lemma 4.19.1 
and .2 all the inequalities head in the same direction. This ends the proof. □ 
For a, 6 G 5 we define a b iff j^^^a) <~ 7(')(6). 



Corollary 4.21 Let S be an ordered face structure, a,h ^ Sn, a ^ h. Then either 
a X"*" h or there is a unique < I < n such that a _L;~ b, but not both. 

The above Corollary allows us to define an order (also denoted <) on all cells 
of S as follows. For 

a <^ b iff a b or 3i a <~ b. 

Corollary 4.22 For any ordered face structure S, and k & u, the relation <^ 
restricted to is a linear order. 

Proof. In the proof we use Lemma 4.18 without mention. We need to verify that 

is transitive. Let a, 6, c G Sn, l,k < n ^ uj. We argue by cases. 

Case a b c. Then by transitivity of we have a <^ c. 

Case a <+ 6 <,~ c. Then 7^(0) <+ ^^'■\b) <~ 7(')(c). Therefore 7(')(a) <~ 
'y^''\c) and hence a <p' c. 

Case a <f b <+ c. Then -f^^\a) <~ j'^^^b) <+ j'^^^c). Thus either -f(^\a) <~ 
7^')(c) and hence a <^ c or 7*^'-' (a) <"*" 7*^'''(c). In the later case by Proposition 4.20 
we have either a <+ c or there is /' such that I < I' < n and a <p' c. 

Case a <^ b <^ c. If k = I then by transitivity of <~ we have a <^ c. 

If k > I then 7(^)(a) <+ j^^\b) <~ 7(')(c). Therefore j^^^a) <~ 7(^)(c) and 
hence a c. 

If A; < Z then j'^'^^a) <~ 7(^)(6) <+ 7W(c). Therefore either j(''\a) <~ 7('=)(c) 
and hence a K"^ b or j^^\a) 7'''^^(c). In the later case again by Proposition 4.20 
we have either a <+ c or there is k' such that k < k' < n and a <'j7 c. □ 

Monotone morphisms 

Prom Corollary 4.22 we also get 

Corollary 4.23 Let f : S ^ T he a monotone morphism of ordered face structures, 
and l,k&u;,l<k, x,y£Sk. Then 

1. x<ryifff{x) <r f{y); 

2. x<+yifff{x) <+ f{y). 
Proof. Obvious. □ 

Remak. Note however that monotone morphisms do not preserve the relation 
in general. 

Corollary 4.24 Any monotone morphism of ordered face structures which is a bi- 
jection is an isomorphism. 

Proof. If / is a monotone bijection of ordered face structures it is clearly a local 
isomorphism. But by Lemma 4.23 it reflects <~ as well, i.e. it is a monotone 
isomorphism. □ 

Lemma 4.25 Let f : S T he a monotone morphism of ordered face structures. 
If a G T then if f~^{a) 7^ there are b,ce f~^{a) and aflat upper S"^ — ^{S^^) -path 
b,ai, . . . ,ar,c, with r > 0, such that f~^{a) = {6} U {7(aj)}i<i<r- In particular all 
faces in f~^{a) are parallel to each other and the whole set is linearly ordered by 
<+. 



Proof. Suppose b,c ^ S such that f{b) = f{c)=a(z T. Then for any f{b) /(c). 
Therefore for any I, b ■^'^ c. Thus, by Lemma 4.20, b c. Hence There is a flat 
upper S — 7(5^^)-path 6, ai, . . . , a^, c. As f{b) = f{c), we have /(oj) G T^, for 
z = 1, . . . , r. In particular, ccj G S", for ? = 1, . . . , r. So we have shown that between 
any two different elements of f~^(a) there is a flat upper — 7(jS'~'^)-path. This 
clearly imply all the remaining parts of Lemma. □ 

Corollary 4.26 Any endomorphism of an ordered face structures is an identity. 

Proof. Let / : 5' ^ S" be a monotone morphism. First note that as 5*0 is linearly 
ordered by <"^, if x,y G Sq then ht{x) + dh{x) = ht{y) + dh{y), and x = y iff 
ht{x) = ht{y). As / preserves <~, using Lemma 4.7, we get that /o : -Sq — > Sq is an 
identity. 

In order to get a contradiction we suppose that / is not identity. Let k be the 
minimal such that fk 7^ ^^'^ a E he <'^-minimal such that /(a) 7^ a. 
By minimality of k we have f{a)\\a. We shall show that f{a) a. By previous 
observation and pencil linearity we have that either /(a) a or /(a) _L~ a. If 
a <~ /(a) then we get an infinite sequence a <~ /(a) <~ ff{a) <~ . . . contradicting 
strictness of <~. The condition /(a) <~ a cannot hold for the similar reasons. 
Suppose that a f{a) (the argument for the case /(a) a is similar). Let 
a,ai, . . . , ar, f{a) be a flat upper path with r > 0. Then, by Lemma 4.7, we have 
aj <~ a^+i for i = 1, . . . , r — 1. Hence we get an infinite sequence 

ai <~ /(ai) <~ //(ai) <~ . . . 

again contradicting strictness of <~. Thus / must be an identity indeed. □ 

Proposition 4.27 Let f : S ^ T be a local morphism of ordered face structures 
that preserves <~ on sets — S{S^^^), for k E uj. Then f is a monotone morphism. 
In particular if S is n-normal then f is a monotone morphism iff fn : Sn — ^ Tn 
preserves <~. 

Proof. Let -< denote the relation <^'"" restricted to such pairs of elements a, b that 
either a, 6 G 6{a) for some aeSoTa,beS — S{S^^). Thus we must show that if a 
hypergraph morphism f : S ^ T between ordered face structures preserves -<, i.e. 
is such that for any a, 6 G 5 if a ^ 6 then /(a) <"^'~ b then it preserves <~, i.e. for 
any a,b e S ii a <'^'~ b then /(a) <^'~ b. 

So fix / : 5 ^ r preserving -< and a,b e S such that a <~ b. Then by 
disjointness and few other facts, there is a lower path a = oq, . . . , = 6 such that 
ai <~ Cj+i, for i = 0, . . . , A; — 1. By transitivity of it is enough to show that 
/(a) <~ f{b) only in case 7(a) G (5(6). We shall prove by induction of the sum of 
depth of a and b, s = dh{a)+dh{b) that if 7(a) G 5{b) and a <~ b then /(a) <~ f{b). 

If s = then a,b £ S — 5{S~''^) and hence, by assumption on /, /(a) <~ f{b). 

So assume that s > and that for s' smaller than s the inductive hypothesis 
holds. We consider two cases. 

Case dh{a) > dh{b). So we have a G — j{S~'^) such that a G 5{a). Hence 
6{b)ueS{a) ^0. U6{b)nL{a) 7^ then, by Lemma 4.8, 6 <+ 7(0). US{b)ne-f{a) ^0 
then either b <+ 7(a) or 7(a) <~ b, as two other cases easily lead to a contradiction. 
If b <~ 7(a) then a <~ 7(a), and if 7(a) <"*" b then a b. So in both cases we 
get a contradiction. Now if b <+ 7(0:), as a G — 'y{S~^) and dh{a) > dh{b) we 
have b G (5(a). Hence a ~< b and then by assumption on / we get /(a) <~ fib), as 
required. If 7(a) <~ b then, as 77(0;) G 5(b) by strictness and induction hypothesis, 
we have /(a) <+ 7(7(0;)) f{b). So by Lemma 4.18 f{a) <~ f{b), as well. 



Case dh{a) < dh{h). So we have (5 G S'^ - -t{S~^) such that b G 5{f5). Then 
a (5(a) and a 7(/9). We shall show that 7(a) G Clearly we have 

7(a) G 65{(5). If we were to have 7(a) G i{f3) then a <+ 7(/9) and hence dh{a) > 
dh{'j{(3)) + 1 > dh{b) contradicting our assumption. Therefore 7(a) G S^{(3). Now, 
to get a contradiction, we assume that 7(a) = 77(/3) S'y{P). By (5-globularity we 
have c G such that 7(c) = 7(a). Thus, by pencil linearity, either c _L~ a 

or c -L"*" a. As if a <"*" c then a 7(/?), if c <"*" a then b <"*" a, and if a <~ c 
then 7(a) 7^ 7(c) the only non-trivial case, we have to consider, is c <~ a. Thus 
by Lemma 4.9 we have a 7(/5), and we get a contradiction again. Therefore 
7(a) G S'y{P) as claimed. 

As b <"•" 7(/?) <~ a would lead to b <~ a and contradiction, we must have 
a <~ 7(/3). Thus by induction hypothesis we have /(a) <~ /(7(/3)). Clearly, we 
also have f(b) <+ f{'y(J3)). As 7(a) G (5(6) wc have 7(/(a)) G S{f{b)) and hence, by 
pencil linearity, either /(o) _L~ /(6) or /(o) -L"*" /(6). Wc shall show that the only 
condition that does not lead to a contradiction is /(a) <~ f{b). If /(a) <+ f{b) 
then /(a) <"*" f{'j{P)) and contradiction. If /(6) <~ /(a) then, by Lemma 4.17, 
/(a) ±+ /(7(/3)) and contradiction. If f{b) <~ /(a) then /(5) <~ /(7(/3)) and 
again we get a contradiction. Thus /(a) <~ f{b), as required. □ 

Corollary 4.28 The ordered face structure S is uniquely determined by its local face 
structure part \S\ and the order <~ restricted to the sets — ^{Sj^^^), for k E u. 

Proof. Let S and S' be ordered face structures such that their local parts are 
equal, i.e. \S\ = \S'\ and that the relation <""'^ agree with <~''S' on the set S — 
5{S~''^). Then the identity morphism is preserving <~ on the set S — 5{S~''^). Thus 
by Proposition 4.27 it is a monotone morphism, considered as a map either way, i.e. 
S = S'. □ 

In general, there are more local than monotone morphisms between ordered 
face structures. However if we restrict our attention to the principal ordered face 
structures those two notions agree. We have 

Corollary 4.29 The embedding | — | : pFs — > IFs is full and faithful. 

Proof. Fix a local morphism / : S — y T between ordered face structures, with S 
being principal. Then for A; G a; the sets Sk — S{S'^^-^) has at most one element. So 
<~ is obviously preserved on these sets, i.e. by Lemma 4.27 / is monotone. □ 

The limits and colimits in oFs are rather rare and in IFs also do not always exist. 
For example if we take a local face structure S such that = {u}, Si = {x, y, z}, 
S2 = {a}, and with 7(x) = 7(2/) = 7(2;) = S{x) = 6{y) = S{z) = u, S{a) = {x,y}, 
7(a) = z, and <a being empty relation, then we have two local isomorphisms from 
S to itself identity I5 and a map a switching x and y. Clearly in the coequalizer Q 
of I5 and a the faces x and y should be identified but then the map q : S ^ Q in 
to it cannot be local as there cannot be a bijection from S{a) to d{q{a)). Thus the 
coequalizer I5 and a does not exists in IFs. However we have 

Proposition 4.30 The colimits and connected limits of diagrams from oFs exists 
in IFs and are calculated in Set in each dimension separately. 

Proof. The main property of the monotone morphisms of order face structures that 
allow calculations of the above limits and colimits is the following. If f,g : S ^ T 
are monotone morphisms and a G iS>o such that f{a) = g(a) = b then the functions 
fa, 9a '■ ^(a) —>■ ^{b) are equal. This is an immediate consequence of Corollary 4.23. 
□ 



5 Stretching the convex subhypergraphs 



Prom Corollary 4.23 follows immediately that the (hypergraph) image of a monotone 
morphism is a convex subset of the codomain. In this section we shall show that the 
converse is also true and it is true in an essentially unique way, i.e. if X is a convex 
subset of T then there is a monotone morphism vx '■ [^] T such that image of 
vx is X, i.e. we can cover a convex set by an ordered face structure. Moreover, if 
fi : Si T, i = 0, 1, are monotone morphisms such that their images are equal, 
i^ifo) = iiTT'ifi), then there is a monotone isomorphism g : Sq ^ Si making the 
triangle 

So -Si 

/o\ /fi 
T 

commutes, i.e. the covering is essentially unique. As the title of the section suggests, 
the construction of [X] is done by stretching X. The stretching means in this case 
the splitting all the empty loops in the convex set X. 

Let T be an ordered face structure, and X QT a subhyper graph. Recall that X 
is convex in T if it is non-empty and the relation <^'+ is the restriction of <^'''' to 
X. For the rest of the section assume that X is a convex subhypergraph of T. We 
shall define an ordered face structure [X] and a monotone morphism vx '■ [X] — ^ T. 
But first we need to explain what are cuts of empty loops. 

We define the set of empty loops in X as 

£^ = X^- j{X-^) 

and the set of empty loops in X over x G X as 

S^ = {a€£: 7(a) = x}. 

As X is convex, the relation <'^'~ restricted to £^ is a linear order. We say that a 
triple (x, L, U) is an x-cut i.e. a cut of £^ iff L U ?7 = £^ and for I G L and I' G U , 
I <~ V . Note that both L and U might be empty and hence, there is an x-cut for 
any x G X (e.g. (x, 0,f^)). Let C{£^) be the set of x-cuts. 

We need some notation for cuts in X. If (x, L, U) is a x-cut then L determines 
U and vice versa (L = £^ — U and U = £^ — L). 

Therefore we sometimes denote this cut by describing only the lower cut (x, L, — ) 
or only the upper cut (x, —,U), whichever is easier to define. Let a be an arbitrary 
face in X, y E 5{a). We define two sets 

T a = {6 G : a <~ 6}, iy a = {b € £^ : b <~ a} 

that determine the cuts (x, — , | a) and {y, iy a,—)- We often omit subscript y inside 
the cuts, i.e. we usually write (y, J, a, — ) when we mean (y, [y a, —). If 7(a) = then 
we sometimes write la, a instead of j a to emphasis that the cut is overx. 
Now we are ready to define [X] . We put for A; G a; 

[x]k = U 

xeXk 

We put, for (x, L, U) G [X]i 



j{x,L,U) = (7(3;),-,! x) 



and 



S{x,L,U) 



1 



if 5{x) 



1 



77(a;) ) 



We have a hypergraph map 



: t & 5{x)} otherwise. 



i^x --m^T 

such that vxix, L, U) = x, for {x, L, U) G [X]. The order <[^1'~ is inherited from T 
via i/x, i.e. {x,L,U) <W'~ {x',L',U') iff a; <^'~ x', for {x, L,U), {x' , L' ,U') G [X]. 

Let Z C.T. By < > we mean the least subhypcrgraph of T containing Z. We 
call Z convex set if < > is a convex subhypergraph. If Z is a convex set we write 
[Z] and uz instead of £^^^, [< Z >] and i'<z>- Moreover, \i Z = {a} we write 
£^", \a\ and z/„ instead of 8^°^^ ^ [{o^}] ^-nd 

Example. An ordered face structure T 




has a convex subset X 

X ^2 




with = {a;4,a;i} whose stretching is the following ordered face structure \X\: 
\X\ 

^ (m1,0, {a;4,Xi}) J^aa {X4}, {xi}) (tii, {X4, Xi}, 0) ^ tiO 



We adopt the convention that the empty cut in [X], say (x5,0, 0), is identified with 
the corresponding face in X, X5 in this case. 

Lemma 5.1 Let T he an ordered face structure, X be a convex subset of T, 
(a, L, U), {a', L', U') G [X] . Then 

1. (a, L, U) is an empty domain face in [X] iff a is an empty domain face in T; 

2. (a, L, U) is a loop in [X] iff a is a loop in T and there is no empty loop I G £^ 
such that I <'^''*" a; 

3. (a, L, U) <+ (a', L', U') iff a <+ a' or (a = a' and L %L'); 

4- {a,L,U) < {a',L',U') iff a <~ a' and (if ^{a) G 5{a') then £'y(a) —^-yia) 
oU a'); 

5. If(a,L,U) G [X]"*^ then '6{a,L,U) is S{a) with colors': ifx,y G S{a) such that 
y is K"^ -successor of x in 5{a) then (y, J, a,—) is -successor of {x,\. a,—) 
in S{a, L, U); in particular j{x, J, a, — ) G S{y, [ a, — ). 

6. If{a,L,U) G [X]^ thend{a,L,U) = l(^^^(^a),h{a)-) ■ 



Proof. 1., 5. and 6. are obvious. 

Ad 2. If (a, L, U) is a loop in \X\ so must be a in T. So fix a cut (a, L, C/) in 
[X] such that a is a loop. Let us denote 7(0, L, U) = (7(a), — , T a) and 5{a, L, U) = 
(7(a), i a,-). 

If there is I G ^^i^a) that ^ <"'" a, then a /~ Z. Hence I G L' and I E U'. So 
7(0, L, ?7) 7^ 5{a, L, U) and (a, L, [/) is not a loop. 

If there is no i G ^7(0) such that I a then any empty loop I G ^'^a) is <~- 
comparable with a. Thus 7(0, L, U) = (7(a), — , t a) = (7(0), i a,—) = S{a, L, U). 

Ad 3. Fix {a,L,U), {a',L',U') in [X]. 

First we shall show that the condition is necessary. Suppose that 
(a, L, U), {ai,Li, Ui), . . . , (a^, L^, Uk), (o', L', i7') is a fiat upper path in [X]. 

Suppose that a ^ a'. Clearly a, ai, . . . , a^, a' is an upper path in X. So after 
deleting loops we get a flat upper X-path from a to a' . i.e. a a' . 

Suppose now that a = a' and L 7^ L' . As (a, L, U) G 5(ai, Li, C/i) 7^ we have 
L =J,a «!. Moreover, 'y{ak, Lk,Uk) = {a',L',U') implies that ]a ctk = U' . Since 

(a, -, la oii) = 7(ai, Li, Ui) G ^(aj+i, Lj+i, C/j+i) = (a, a^+i, -) 

we have that (a, la ai+i, Ta ctj) is a cut, for i = 1, . . . , A; — 1. As ajfl ja aj = 0, 
we have that [a ai Qia ai+i, for i = 1, . . . , A; — 1. Thus 

L =la ai ofc C 6^- ta ait = - C/' = L' 

i.e. the condition is necessary. 

Now we shall show that the condition is sufficient. First note that if I G 6^ then 

6{l,^,-) = {a,il,-) = {a,il,{l}^V), 

7(/,0,-) = (a,-,TO = (aa^uW,TO- 

Thus if o = a' we have that (a, L, U) <+ (a', L', iff L ^L'. 

Assume now that a <+ a'. Let a, ai , . . . , a^, o' be a flat upper X-path of minimal 
weight. We claim that it is X — 7(X~'^)-path. Suppose contrary that there is 
A G X~^ such that 7(^) = for some i. Then we will have a flat upper S{A)-patli 
Pi, . . . , (3r from 7(aj_i) (or a if i = 0) to 7(aj). Replacing by . . . , /3r wc get 
a flat upper X-path of smaller weight than ai, . . . , contrary to the choice of this 
path. This ai, . . . , is a flat upper X — 7(X~'^)-path indeed. 

As G X - j{X~'^) we have 

5iai,$, -) = {{b, i tti, 0) : 6 G S{ai)}, 7(0^, 0, -) = (7(0^), 0, t a^). 
From this and previous we get that 

(a, L, U) <+ (a, i ai, 0) G (^(0^+1, 0, -), 

7(ai, 0, -) (7(ai)> i "m, 0) e 5{ai,^, -) 

7K,0,-) (a',L',C/') 

and this shows that (a, L, U) <"*" (a', L', U'), as required. 

Ad 4. Using 3. we have the following equivalent statement 

{a,L,U) <- {a',L',U') 

%e5(a') (7(q), T a) <''" {x, i a', -) 

^x€S{a') 7(q) X or (7(a) = X and £y(a) - ^^(a) a ^i^ja) a') 
a <~ a' and (if 7(a) G S{a') then £^(^a) =T7(a) a') 

□ 



Lemma 5.2 Let S be an ordered face structure, X a convex subset of S, a E X, 

u G e5{a), l€£^. Then 

1. IfaeS' thenj{a) X~ /. 

2. Ifae S-^ then 

(a) if u = 77(a) then 7(a) I iff g{a) <^ I; 

(b) ifuE L{a) then if x,y G d{a) and x <~ I <~ y there is z G S{a) such that 
I z and X z <~ y; 

(c) if u & then I <~ 7(a) iff I <~ Xq, where xq is the '^-minimal 
element in 5{a) such that u G 5{x). 

Proof. Ad 1. By pencil linearity we have that cither 7(0) _L~ I or 7(a) X"*" I. 
As I is an empty loop we cannot have 7(a) <"*" /. We shall show that I <"*" 7(a) is 
impossible, as well. 

Suppose not, and that we have a fiat upper X — 7(X~^)-path Z, ai, . . . , a^, 7(a). 
As Ofc G X"^ we have that a,- But a G X^, so by Path Lemma, wc have 

<"*" a, for i = 1, . . . , n. Let ai, ai, . . . , a^, a be a flat upper X-path. As I G 5{a) 
and 5^{ai) U '^5~'^{ai) = d6{ai), either for all i, / G 5"f{ai), or there is iq such that 
I G 7(5~^(Q;iQ). In the former case I G 6j(ar) = S{a) and we get a contradiction, as 
a . In the later case I is not an empty loop in X contrary to the assumption. 

Ad 2(a). First, assume 7(a) <~ /. As 77(a) = 7(/), by pencil linearity we have 
either Q(a) _L~ I or Q(a) X"*" I. We shall show that the other cases then Q{a) <~ I 
lead quickly to a contradiction. If I <~ ^3(0) then 7(a) <~ g{a) and this is a 
contradiction. If / <+ g{a) then I <+ 7(a) and this is a contradiction. If g{a) I 
then I _L"'" 7(a) and this is again a contradiction. Thus we must have g{a) <~ l'^. 

Next we assume g{a) <~ I. By pencil linearity we have either 7(0) _L~ I or 
7(a) _L+ I. We need to show that 7(a) <~ I. We shall show that the condition 
/ <"•" 7(a) leads to a contradiction. The other two are easily excluded. Clearly 
l^5{a). 

So suppose that I <+ 7(a). Let l,ai, . . . ,0^,7(0) be a flat upper X — 7(X~'^)- 
path. By Path Lemma, either there is i < k such that 7(0^) G 6{a) or Oj <"*" a for 
i = 1, . . . ,k. In the former case we have I <+ 7(ai) <~ g{a)- Thus, by Lemma 
4.18, I <~ g{a) and this is a contradiction. In the later case, there is a flat upper 
X-path ai, ai, . . . , a^, a. As ^ G S{ai) and I ^ 6{a) there is i such that I G t{ai). In 
particular I is not an empty loop in X and we get a contradiction again. 

Ad 2(b). Fix x,y e S{a) such that j{x) = u G S{a), I G £^ such that x <~ 
^ <~ y. If Z G 5{a) 2(ii) obviously holds, so assume that I ^ (5(a). We have 
7(0 l{y) — ^ Thus by Proposition 4.19, either I <~ 7(a) or I <+ 7(a). 

The former case gives immediately a; <~ 7(a) and a contradiction. 

Thus we have I 7(a). Fix a fiat X-path Z, ai, . . . , Ofc, 7(a). By Path Lemma, 
either there is i < k such that 7(0^) G 5{a) or (n a for all 1 < f < /c. In the 
former case 7(0^) is the z we are looking for. We shall show that the later case leads 
to a contradiction. Take a fiat upper X-path ai, ai, . . . , a^, a. As Z G 5{a\) and 
I ^ (5(a), there is 1 < z < r such that I G ^5~^{ai). In particular, I ^ contrary to 
the assumption. 

Ad 2(c). Suppose I <~ 7(a). Then, as other cases are easily excluded, we have 
I < xq indeed. 

On the other hand, if I <~ Xq the only case not easily excluded is I <+ 7(a). Let 
Z, ai, . . . , Ofe, 7(a) be a fiat upper X — 7(X~'^)-path. By Path Lemma either there is 

''in the following, the similar simple arguments we will describe in a shorter form as follows: as 
other cases are easily excluded, we have g(o) I. 



iQ < k such that 7(aj,)) S 6{a) or Cj <"*" a for i = 1, . . . ,k. In the later case, there is 
a flat upper X-path ai, ai, . . . , a^, a. As / 5{a) and I € S{ai), there is 1 < i < 
such that I G /-(aj). In particular I contrary to the assumption. 

In the former case we shall show that u G S^{ai), for z = 1, . . . We have 
u = 7(/) G 55{ai). Note that if for some i < zq, we would have that u G /-(ffli), 
then, as « G S{xo), by Lemma 4.8, we would have xq <+ 7(020), contradicting local 
discreteness. Now suppose contrary, that for some ii < iq, we have u 57(01 J. 
Then, by the previous observation, we have u = 77(01^) G 7(5"'^ (oj^). In particular, 
(5~^(aj^) 7^ and 7(0^) is not a loop, for ii < i < io- As n ^ ^(0-4) for i < io, we 
have u = 'y^ia-i) for i < iq. In particular u = ^'^{ai^^) G 7^~'^(o). But u G (^7(0) and 
57(a) n 7(5^^ (a) = so we get a contradiction. □ 

Proposition 5.3 Let T he an ordered face structure, X he a convex suhset of T. 
Then 

1. [X] is an ordered face structure, and vx '■ [X] T is a monotone morphism; 

2. if fi : Si ^ T , i = 0, 1, are monotone morphisms such im{fQ) = im{fi), then 
there is a monotone isomorphism g : Sq ^ Si making the triangle 

So ^ Si 

/o\ /fi 
T 

commutes; 

3. £^ is empty iff ux is an embedding; 

4- if X is a proper subset ofT then size{T) > size{[X]). 

Proof. Ad 1. The fact that ux is a monotone morphism is immediate from the 
definition of [X]. We need to check that [X] satisfies the axioms of ordered face 
structures. Local discreteness and Strictness, are easy using Lemma 5.1. 

Disjointness. We shaU check that if d{a, L, U)n9{a', L', U') = and (a, L, U) <~ 
{a',L',U') then {a,L,U) <~ {a',L',U'). The remaining parts of the condition are 
easy. 

Suppose that e{a, L,U) n e{a' , L' ,U') = and ia,L,U) <" {a',L',U'). By 
Lemma 5.1 we have that a <~ a'. If 6{a) fl 0{a') = 0, we get by disjointness in T 
that a <~ a', and we are done. Assume that 6{a) R 9{a') ^ 0. Thus by Lemma 
4.7.2 7(a) G S{a'). By characterization of <~ in [X] we have l-y^a) Q-U i-y{a) ci' = 
£"^(„). As (7(a), -,T a) G 9{a,L,U) and (7(0),! a',-) G 9{a',L',U') we get that 
ilia), -A a) (7(0)4 a',-). So ^^(a) - T7{a) a 7^i-y{a) a'- But then there is 
I &]-y{a) on J,^(-(j) a'. Hence a <~ / <~ a', i.e. a <~ a' as required. 

Loop filling. Suppose (a, L, U) is a loop in [X]. If L 7^ then let I = max^(L). By 
Lemma 5.1 {1, 0, — ) is not a loop in [X]. We have 7(/, 0, — ) = (a, —,!/) = (a, L, J7). 

Now consider the case L = 0. a is not an empty loop since otherwise (a, L, U) 
wouldn't be a loop in [X]. Thus there is a G X~^ such that 7(a) = a. Clearly, we 
can choose such a in X~^ — 7(X~'**). Then (a, 0, — ) is not a loop and 

7(a, 0, -) = (7(a), -,!«) = (a, 0, r a) = (a, L, C/). 

Pencil linearity. Let {a,L,U) / {a',L',U') be some faces in [X] such that 
^(a, L, i7) n 9{a', L', U') ^ 0. Then either a _L~ 6 or a ±+ 6 or (a = 6 and L 7^ L'). 
In the first case we have (a, L, i7) ±~ (a', L' , U') and in the remaining cases we have 
{a,L,U) ±+ {a',L',U'). 



To see the second part of the pencil hnearity assume that d = (a,L,U) € [XY , 
b= {b,L',U') e[X],xe 6{b), such that {x, [ b,-),{y, [ b,-) G d-\b,L',U'), and 

77(a) = 7(x, i 6, -) G S{y, i b, -) 

i.e. for some t e S{y) 

(77(a), -, T 7(a)) = i^{x), -,U) = {t, i 2/, -) (7) 

We need to show that either a <~ 6 or d <"'' b. Prom the characterization of <'^ 
and in [X] it is enough to show that either a 6 or a <"'" b. And for that, by 
Lemma 4.19.4, it is enough to show that 7(a) <"'" 7(6). We shah consider four cases 
separately: 

1. x,yeT-^; 

2. X G and y E and there is ly G ^"77(0) such that ly <"*" y; 

3. y G r"-^ and x E and there is Ix G S-y-y(a) such, that Ix x; 

4. X, y G T'^ and there are Z^-, € £jj{a) such that /a; x and y. 

Case 1. If x, y G then 77(a) G t(6). So, by pencil linearity in T, we get that 
either a <~ 5 or a 5. 

Case 2. In this case we have 7(a) <~ ly. As 7(0;) = 77(0) we have either 
X _L~ 7(a) or X _L+ 7(a). Wc have 7(a) x. Moreover, by Lemma 4.3, x f^"*" 7(a), 
as x G T~'^ and 7(a) G T^. So we have cither cither 7(a) <"*" x or x <~ 7(a). In 
the former case we get immediately 7(a) 7(6). In the later case, we have 

X <~ 7(a) ly, X <+ 7(6) >+ ly. (8) 

So we have 77(a) <+ ^yily) n{b). Thus, by Lemma 4.19, we have 7(a) _L+ 7(6) 
or 7(a) _L~ l{b). Using (8) we see that of four conditions only the 7(a) 7(6) 
does not lead to a contradiction. 

Case 3. First note that ^{Ix) = l{x) = 77(a) and hence 7(a) _L+ Ix or 7(a) _L~ Ix- 
The inequality 7(a) <~ Ix is impossible aslx x =t 7(a). 7(a) <+ Ix is impossible 
since Ix is an empty loop and 7(a) is not. Finally, Ix <^ 7(a) is impossible as 
(7(a), — , — ) is a loop in [X], and cannot contain any empty loops. So we have shown 
that Ix <~ 7(a). As 77(a) G 5{y) and y G T~^, we have 7(a) <~ y and y '/t~ 7(a). 
As y G and 7(a) G T"^, by Lemma 4.3, we cannot have y <~ 7(a). So we must 
have either 7(a) y or 7(a) <~ y. If 7(a) y then clearly 7(a) <"*" 7(6). If 
Ix <~ 7(a) <~ y then having Ix <"*" 7(6) >"*" y we can easily verify, as before in (8), 
that we must have 7(a) <"*" 7(6). 

Case 4. As ly <"*" y and i y = £^^(^a)~ T 77(a), we have 7(a) <~ ly. As 
77(a) = 7(^0;), we also have 7(a) _L+ Ix or 7(a) IS" Ix. It is easy to sec that the only 
inequality that does not lead to a contradiction in Ix <~ 7(a). So we have 

Ix <~ 7(a) <~ ly, Ix <^ lib) >+ ly. (9) 

From (9) we get, as before from (8), that 7(a) 7(^)- 

Globularity. Let us fix a face d = {a,L,U) G [^]>2- As different a-cuts arc 
parallel, i.e. they have the same domains and codomains, to verify Globularity 
condition in [X] we don't need know in fact the very cut over a for which wc check 
the condition. It is enough to know that it is a CT.it over a. So in the following d 
will be treated as a cut over a, for which we don't bother to specify exactly which 



one it is. In the following 7 and 5 when applied to cuts are meant in [X] and when 
applied to faces are meant in T. 

^-glohularity. If a G [X^ then we have 

77(a) = (77(a), -, T 7(a)) = 7(l(77(a) -,TT{a))) = 7'^(a) 
Now assume that a G [-^^J""^. We need to verify the following three conditions: 

(i) 77(a) G 75(d); 

(ii) 77(d) 0(5(j-^(d); 

(in) 75(d) C 77(d) U 5(5-^ (d). 

Ad (i). Wc have (^>(a), i a, — ) G (5(d) and then using Lemma 5.2.2. (a) we have 
77(d) = (77(a), -, T 7(a)) = (7£>(a), -, T 7(a)) = l{Q{a), [ a, -) 

Ad (ii). Suppose that x G 5{a) and u G 5{x) so that {x,l a,—) G 5~^{a) and 

(u, i X, -) G 55~-^(d). If M 7^ 77(a) then clearly {u, | -) 7^ (77(a), -, ] 7(a)). If 
u = 77(a) then X G 5^(a) and by characterization of loops in [X], Lemma 5.1, there 
is I G £j^(^a) ^^^^ ^^^^ ^ — ^- Then Z <+ 7(a). So i-y7(a) a; ^ / 01 7(a) and hence 

77((a)) = (77(a), -, t 7(a)) 7^ {u, [x,-) e S{x, i a, -). 

Ad (Hi). Let x G d{a) so that 

7(0:;, i a, -) = (7(x), -, T a;) 7^ (77(a), -, j 7(a)) = 77(d). 

Then either j{x) 7^ 77(a) or 7(0;) = 77(a) and there is I G so that x <~ Z and 

7(a) Z. This implies that the face 

yo = min{y G S{a) : j^x) G S{y) and either y G T^^ or B^g^-x Z y} 

~ 7(0:) 

is well defined, i.e. the set over which the minimum is taken is not empty. Then we 
have {yo, j a, -) G 6~^{d) and (7(x), -, | x) = (7(0;), [ yo, -) G M"^(d). 

S-globularity. We consider separately two cases 7(d) G [X]^ and 7(d) G [-'^^J"^- 
In the former case we need to verify two conditions 

(i) SS{d) C 7(j-^(d); 

(ii) 777(d) = 77(5^ (d). 

Ad (i). Let x G (5(a) and u G (5(x) so that {u, [ x,—) G (5(5(d). As T is an ordered 
face structure, 66{a) C 7(5"'^ (a) and hence u G 7(5~^(a). Thus there is a y G (5~^(a) 
such that 7(y) = n. Prom this follows that the face 

yi = max{y G (5(a) : ■~f{y) = u, y <~ x and either y G T"'^ or B^p^x Z <"*" y} 

~ ■y(x) 

is well defined. Then we have (yi, J, a, — ) G 5~^{a) and, using Lemma 5.2.2.(b), we 
get 

7(2/1, i a, -) = (7(2/1), -, T yi) = {u, i X, -). 

This shows (i). 

Ad (ii). First note that if 7(d) G [X]"^ then 7(a) G X^ and hence 5^ (a) ^ 0. So 
(5^(d) 7^ 0, as well. Thus we need to show that 77(5^ (d) C 777(d). 



Fix (x, j a, — ) G 6^ (a) and I G S^^^^^y It is enough to show that 

7(x) <~ / iff 77(a) <~ I. (10) 

Clearly x G (5^(a). By Lemma 5.2.1 77(a) ±~ L Since i G and 7(x) < 77(a) we 
have I /~ 7(a;)- 

Thus (77(a) <~ I and I <~ 7(3;)) or (7(x) <~ I and / <~ 77(a)) then 7(0;) ±~ 
77(a) and this is a contradiction. Therefore (10) holds. This shows (ii) and end up 
the case 7(a) G [X^. 

In case 7(d) G [X]~^ we need to verify the following four conditions 

(i) 55{a) C 5-f{a)Uj6-^{d); 

(ii) 6j{a) C 66{a); 

(Hi) (57(d) n jS~^{a) = 0; 

(iv) 77f)^(d) C e<57(d). 

Ad (i). Fix x G 6{a) and « G (5(a:) so that {u, I x,—) G 66{d). Assume that 
{u,l X,—) 57(d). Then either « ^7(0) or ?i G ^7(0) and there is / G such 
that I <~ X and I 7(0)- Then, by Lemma 5.2.2. (c), the face 

j/2 = max;{y G 6{a) : j{y) = u, and either y G or ^i^gx I <"*" j/} 

is well defined. Clearly, (7/2, i a, — ) G S~^{d). By Lemma 5.2.2. (b), we have 

(n, j x, -) = (n, -, T y2) = 7(^2, !«,-)€ 7*^(0) 

Ad (ii). Fix « G 57(a) so that (n, | 7(x),— ) G 57(d). If a G then 5(d) = 
l(«,i7(a;),-) hence (u, J, 7(x),— ) G 55(d). So suppose that a G Then the 

face 

ys = mm.{y G 5(a) : n G 5(j/)} 
is well defined. By Lemma 5.2.2. (c), we have 

(n, i 7(a), -) = {u, i ys, -) G 55(d) 

Ad (Hi). Let ti G 57(a) so that (n, | 7(a),—) G 57(d). We shall show that 
if {u, I 7(a),—) G 75(d) then (n, J, 7(a),—) G [X]^. So fix z G 5(a) such that 
{u, i a,-) = 7(2;, i a, -) = {j{z), -, t ^;)- As j{z) = u e 57(a), z is a loop. If we 
were to have / G £u such that I <+ z then Z <+ 7(a) and hence I 0J,u 7(a) and 
I z. Thus 

(u,i7(a),-)/(7(^),-,T^) 

contrary to the assumption. 

Ad (iv). Let x G 5*^(0) so that (x, J, a, — ) G 5^(d). Wc shall show that 

T a, -) = (77(x), -, T 7(x)) G 6157(d). (11) 

Note that as T is an ordered face structure, we have 77(x) G 775^(0) C 9S^{a). 

First we claim that for any t G 57(a) we have t JL~^ "fix). Fix t G 57(a). As 
7(0;) G 75~'^(a), using 75"'^ n 57(a) = we get that 7(2;) t. Now suppose 
contrary, that t l{x). Thus there is a fiat upper path t,xi, . . . ,Xn,"f{x), with 
r > 1. As 7(x) is a loop and x is an empty domain face, by Path Lemma, we 
have Xi <"*" x for i = 1, . . . ,n. In particular, there is a flat upper path in T, 
xi, ai, . . . , ttm, X. As X G and xi G T~^, for some 1 < jo < we have t G i(cijo)- 



Thus t G 5'y{a)^lL{aj^^). Hence by Lemma 4.8, we have 7(a) <"*" 7(0^0) li'^s) = x. 
But X € 6{a) and we get a contradiction with strictness. This ends the proof of the 
claim. 

Now let u = Jj{x). Using the claim it is easy to see that one of the following 
conditions holds: 

(a) u = 777(a) and ^7(0) 7(3:); 

(b) u € (^77(0) and with si = min^{s G S^{a) : u € S{s)} we have 7(x) <~ si; 

(c) there are sq, si G 5"i{a) such that 7(^0) = u G ^{si) and sq <~ <~ si- 

In each case we shall show (11). 

Ad (a). Using Lemma 5.2.2. (a), we have 

(n, -, t Ql{a)) <+ {u, -, r l{x)) <+ {u, -, T 77(a)) <+ {u, -, T Ql{a)) 

Thus 77(x, I a, -) = (n, -, t Ql{a)) G 7(57(a). 

Ad (h). Using Lemma 5.2.1 and 5.2.2.(c), we have 

{u, i 77(a), -) <+ (u, i si, -) <+ {u, i 7(x), -) <+ {u, i 77(a), -) 

Thus 77(x, I a, -) = (u, [ si, -) G (^(^7(0). 

Ad (c). Let s\ be as above in (c) and sq maximal such as in (c), i.e. 

So = max{s G ^7(a) : 7(5) = u, s <~ 7(3;)}. 

Suppose t So T^t Then there is / G such that sq <~ ^ <~ "/(x). Then 

by Lemma 5.2.2. (b) there is t G ^7(0) such that / <"*" t and sq <~ t <~ si. We 
shall show that the existence of such a t leads to a contradiction. Note that t is 
a loop and that 7(i) = By the claim proven above it follows that t lix)- 
So, by pencil linearity, we should have t _L~ 7(2;). But if 7(0;) t then by 
transitivity we get I <~ t and we get a contradiction with disjointness. On the 
other hand, it t <~ 7(-x) then, as other cases are easily excluded, wc have that 
So <~ t. But this contradicts the choice of sq. Thus | so =T lix) holds and we have 
77(a;, | a, — ) = (n, — , t so) G jS^{d). This ends (iv) and 1. 

Ad 2. By 1. it is enough to show that if / : iS ^ T is a monotone morphism 
such that f{S) = X then there is a monotone isomorphism g : S —>■ [X] making the 
triangle 

S ^ [X] 

/\ 

T 

commutes. Wc put, for a G S" 
9{a) = 



if (a), -, T /(a)) if a € S'^ - 7(5"^) such that a = 7(a), 
(/(a), 0, -) such that a ^ 7(5"^). 



Note that if a G 7(6'"'*') then there is a unique a G S'"'*'— 7(6'"'^) such that a = j{cx). 
This shows that g is a well defined function. As monotone morphisms preserves and 
reflects <~ (in particular / and vx does) it follows that g preserves <'^. 

Before we verify the other properties of g let us make one observation. Fix x E X 
and let 



ymin = min{y' G 5 : /(y) = x}, ymax = max{?/' e S : f{y) = x} 
<+ <+ 



and ymin, h, . . . ,lk, Vmax be a flat upper S - j{S ^)-path from t/min to y^ax- Then 

= {/(^i)}l<i<A;- 

With this description it is easy to see that g preserves both 7 and S. Fix a G S'>i. 
Then if 6 G S'-^ - ^{S~^) and 7(6) = 7(a) we have 

5(7(a) = (/(7(a)), T /(&)) = (7(/(a)), T /(a)) = 7(/(a))- 

If 7(a) 7(6""^) we can show that 5(7(0) = (7(/(a)) in a similar way. 
If a € S^^ then wc have 

g{6{a) = {{fix), -, T fib)) : 7(6) = x G 5(a), 6 G -S"^ - 7(-5-^)}U 

U{(/(x), 0, -):xe Sia), x jiS'^)} = 

= {{f{x)Afia),-):xe6ia)} = S{gia)). 

If a e we clearly have g{5{a) = 5{gia)), as well. 

It remains to show that 51 is a bijection. Suppose g is not one-to-one. Let a,b E S 
such that g{a) = gib) and a ^ b. In particular f{a) = fib). By Lemma 4.25 we can 
assume that there is q G 5" — 7(5""^) such that a = 5{a) and 7(a) = b. Then 

gia) = ifia),La, Ua) = (/(6), Lb, U^) = gib). 

But Ua 3 /(a) ^ Ui,, and we get a contradiction, i.e. g is one-to-one. 

To see that g is onto fix {a,L,U) G [X]. First assume that L 7^ 0. Then 
let a = max<~(L) G X and let a' = min<+{a" G 5 : fia") = a}. Clearly 
a' G 5-^-7(5-^). Then 

5(7(a')) = (/(7(«')),-,T «') = («,L,t^)- 
If L = then with b = min<+{6' : fib') = a} we have 

gib) = ifib),<ll,-) = {a,L,U) 

in this case (o, L, ?7) is in the image of g, as well. Thus g is onto and hence a 
bijection. 

Ad 3. If is empty there is exactly one cut (x, 0, 0) over any face x E X. So 
ux is an embedding in that case. If there is I G then (7(0, i I,—) (7(0, ~, T 
and vxi^iil), i U—) = i^xilil), T 0, i-^- '^x is not an embedding. 

Ad 4. First note that for any G - (5([X]^^^) = {(a,-,0) : a G 

X — (5(X^^^)}. In particular, we have sizei[X])k = \X — SiX^^^\. Now fix a and 
k so that a E Tk — X^, a is a face of the maximal dimension not in X. Then 
Tfe+i = Xjfc+i and hence a ^ ^iT^^i) so we have 

a en- (5(r-+\) = Tfc - 6iX-^,) DXk- SiX-^,) ^ a 

Thus 

sizeiT)k = \n - SiT^^,)\ > \Xk - SiX^^,)\ = sizei[X]k. 

As size{T)i = size{[X]i, for I > k,we have sizeiT) > sizei[X]). □ 

Even if the equivalence classes of objects of the comma category oFs [ T corre- 
sponds to the elements of the poset ConvexHT) of convex subsets of T we are not 
saying that oFs J, T and ConvexHT) are equivalent as categories. In fact, if X CY 
are convex subsets of T, it does not mean that there is a morphism from [X] to [Y] 
over T as following example shows. 

Example 1. Let X C Y he convex subsets of an ordered face structure T as 
shown on the diagram below. 



X : Y : T: 



x y z" X y z 



Clearly X C.Y. And the stretching of X and Y gives 

[X]: 



{s, 0, -) {s, {x}, -) (s, {x, z}, -) 



and 

[Y]: 



{s, 0, -) (s, {x}, -) ^ (s, {x, y}, -) ^ (s, {x, y, z}, -) 

respectively. Clearly there is no map from [X] to [Y] over T. 

Moreover is sTicli a comparison map exists it does not need to be unique, as the 
following example shows. 

Example 2. 

X : Y : T: 



13 

X 



Clearly X C.Y . The stretching of Y gives 

[Y]: ^s,^_)^^^s,{x}-) 

Thus from [X] = X to \Y] there are two monotone morphisms and both of them 
commutes over T. 

6 Quotients of positive face structures 

Positive face structures can be thought of as ordered face structures without empty- 
domain faces. If we collapse to 'identity' some domains of some unary faces which 
are not codomains of any other face in a positive face structure we obtain an ordered 
face structures which is not necessarily positive. In this section we shall describe 
this construction of a quotient of a positive face structure and prove its properties. 
In the next section we shall show that, we can obtain any ordered face structure in 
this way. 

Let T, S be ordered (or positive) face structures. We say that f : T ^ S is a 
collapsing morphism if / = {fk : Tfe — > Sjt U lsk-i}k & f preserves <~, 7 and S 
i.e. for k > 0, a,b E Sk, we have 

1. if a <~ 6 and /(a), f{b) G Tk then /(a) <~ f{b) 

2. /(7(a)) = 7(/(a)) and f{S{a)) =1 S{f{a)). 

The kernel of the morphism / is the set of faces ker{f) = /^^(l^). 
Example. 




X -1^ 

Xo 

Xl yi P ^ yo 

where / is given by: i-^ x, yi i-^ y, qq h- > a, oi i- 
/? I— >■ /?. We have ker{f){c,a,ai}. 

Remark. The collapsing morphisms do not compose. If a map f : X sends 
a to la and a map g : Y ^ Z sends a to Ix then g o f should send a to li^ but we 
don't consider such faces in ordered face structures. 

Let T be a positive face structure, unary faces in T. A set JT^ C is an ideal 

iff 

1. jn7(r) = 0; 

2. jnd{j) = $. 

is the least equivalence relation on containing ^'j^^^', for x,x' € we 
have x x' iff there is a € c7fc+i such that x = d{a) and 7(a) = x'. The kernel 

of any collapsing morphism is an ideal. 

We define an ordered hypergraph T/ j the quotient of T by the ideal J: 

for [a] G T/j^k+i, 

3. [a;] <^/-7''='~ [x'] iff a; <^^'- x', for [x], [x'j e T/^^jt. 
We define qj:T — > T/j by 



l[7(a)] if a € J", 
[al otherwise. 



In the remaining part of the section we are going to prove 



Theorem 6.1 Let T be a positive face structure, J C T" is an ideal. Then Tjj is 
an ordered face structure and qj is a collapsing morphism with kernel J . 

Before we prove this theorem we need some Lemmas. 

The class Cj oi J -loops in T, is defined as the least set X C T such that 

if a G T and 5(a) C J U X then 7(a) G X. 

Note that Lj<r\J = %. 

The following three lemmas concerns positive face structures and their quotients. 

Lemma 6.2 Let T be a positive face structure, J QT'^ is an ideal. Then 
1. If a eT then the following are equivalent: 

(a) 7(a) G T"; 



(b) d{a) C T"; 

(c) there is v E Sj{a) and a (a) -path from v to 77(a). 

2. Cj C T". 

3. Ifa<+b and beT"" then a G T". 

Proof. 2. and 3. follows from 1. We shall prove 1. 

Fix a €T. Let xq = max<~(5(a)). From globularity we have 

S^{a) = S6{a) — (7^(0) — 77(a)) and (7^(0) — 77(a)) C SS{a) 

Recall that if x, y G (5(a) then S{x) fl 6{y) = 0. Using these observations, we get 

\5j{a)\ = \dd{a)\-\jd{a)-jj{a)\= (J \S{x)\ - \j{5ia) - xo)\ = 

= U \5{x)\ - ma)\ - 1) = 1 + U {\5{x)\-l) 

x&5{a) x£5{a) 

This shows that the set ^7(0) is a singleton if and only if for x & S{a) the sets S{x) 
are singletons. This shows that (a) is equivalent to (b). 

Clearly, (b) implies (c). We shall show the converse. Let v G <^'^/{<^) and 
v,xi, . . . ,Xk,^^{a) be an upper (5"(a)-path from v to 77(a). We shall show that 
5{a) = {xi, . . . ,Xk}. Suppose contrary, that there y G d{a) — {xi, . . . ,Xk}- Let 
y = yo,yi, • • • ,yr,ll{a) be an upper (5(a)-path to 77(a). Hence ^{yr) = j{xk) and 
then yr = x^. Let r' = min{i : yi ^ {xi, . . . ,Xk}}. Then r' < r and = Xj 

for some j. If j = 1 then ^{yr>) = v £ 5{xi) C 57(a). But then v £ Sj{a) n 'yS{a), 
which contradicts globularity. If j > 1 then, as xj G T", we have 7(yr') = li^j-i)- 
But, as yri,Xj-i G S{a) we must have yr' = Xj-i contrary to the choice of r'. Thus 
S{a) = {xi, ... jXk} and (c) implies (b) as well. □ 

The following lemma describes some basic properties T/j. 

Lemma 6.3 Let T be a positive face structure, J C.T'^ is an ideal, a,x,y £lT — J . 
Then 

1. [x\r^j = iff X = y or there is an upper J-path from x to y or from y to 

X. 

2. The functions ^ jj and S/j are well defined. 

3. [a] G TJj if and only if 5 {a) C J. 

4. [a] G Tj'j if and only if a E Lj. 

Proof. Ad 1. It is enough to note that it a, 6 G ^ then a, 6 G T" — 7(r) and 
therefore if 7(a) = 7(6) or 5{a) D 5{b) ^ then a = h. 

Ad 2. Since for a £ T, the value "/'^/■^[a] and 6/j[a] depend only on 7(a) and 
5{a) (and not on a itself) it is enough to show that if a ^'j b then 7(a) = 7(6) and 
5{a) = 6{b). 

So assume that there is a G T such that a = S{a) and 7(a) = b. Since T is 
a positive face structures 7(a) n 5(a) = 0. Thus using globularity (in positive face 
structures), we have 

7(6) = 77(0) = 7(5(q;) — 5S{a) = 7(a) — (5(a) = 7(a) 



and 

d{b) = 6-f{a) = 66{a) - j6{a) = 6{a) - 7(a) = S{a) 



as required. 

Ad 3. This foUows immediately from the definition oi 6/ j{[a\). 

Ad 4. We argue by induction on the height ht{a). The inductive assumption is: 

Indn- ioT a ^ T — J' such that ht{a) = n we have: a ^ Cj iS [a] € T^j- 

We can assume that a G T", as each of the conditions a & Cj and [a] G Tj'j 
implies it. 

If ht{a) = then neither a ^ Cj nor [a] G Tj'j. Hence Jndo holds. 

Assume that ht{a) = 1. Let a G T — ^{T) such that 7(0;) = a. 

Suppose that a ^ Cj. Then 5{a) C J. Hence 5{a) r^j 7(a) and [a] G T'j'j- 

On the other hand, if [a] G Tfj, then [7(a)] = 7/j([a]) = (5/j([a]) = [5{a)]. So 
there is a J'-path from 5{a) to 7(a). As ht{a) = 1 this must be a (^(a)-path. Since 
it is a r"-path, we have 5{oi) C JT". Thus a = 7(a) G Cj. 

Finally, assume that ht{a) = n> 1. Let a G T — 7(T) such that 7(a) = a. As 
a G T", so (5(q;) C T". Let ai, . . . ,afe be the lower path containing all elements of 
5{a). 

First suppose that a G Cj. Then 6{a) C £j- U J". If G ^7 then, by def 
5{ai) 7(ai). If a, G then, as ht{ai) < n, by induction hypothesis [a,] is 
a loop. But this means that d{ai) = [7(04)] ^-'^'^ this case again wc have that 
S{ai) 7(ai). By transitivity of we have 6{a) = 6{ai) 7(0^) = 7(a), i.e. 
[a] is a loop in T/j-, as required. 

Now suppose that [a] G TJ^j. Thus there is an upper jT-path 
5(a), 61, 6to) 7(01) ■ We claim that there are numbers = mo < mi < m2 < 
. . . < mk = m such that 

(i) either = mi-i + 1 and Oj = 6^. G 

(ii) or bmi_j_+i, - ■ ■ ,bmi is a path from S{ai) to 7(01) (i.e. 5(ai) G 5(6mi_i+i) and 

7(ai) =7(6^.)). 

Having the above claim it follows that either aj G J" or [ui] £ Tj, ioi i = 1, . . . ,k. 
As ht{ai) < n, by inductive hypothesis this means that Ui E CjUj, ioT i = 1, . . . ,k, 
i.e. 5{a) C Cj U ^. So by definition of Cj, a = 7(a) G Cj, as required. 

It remains to prove the claim. Suppose contrary, that the claim is not true. 
Let 1 < io < fc be the least number for which it does not hold, i.e. we have 
mo, mi, . . . ,mig-i satisfying (i) or (ii). In particular, either io = 1 or 7(6mig_i) = 
7(aj(,_i) = 6{aiJ. So 5{bmi^) = (5(aj„). As (i) does not hold Cj,, 7^ Since 
brriif^ G T — ■~f{T), brrii^^ <^ dio- As (ii) does not hold, by Path lemma (for positive 
face structures), bi a^o, for i = mi^-i + 1, . . . ,m and 7(0^) = ^{bm) 7^ 7(^10 )• 
Again by Path lemma, the upper path (5(ajp), 6^.^_^+i, . . . , bm, l{o-k) can be extended 
to an upper path reaching 7(010): 

<5(ajo), &mio_i+l, ■ ■ ■ , fern, 7(afc), Ci,...,Cr, 7(0^0) 

But this means that we have both a^^ <~ Uk and a^. This contradicts the 

disjointness and ends the proof of the claim and the Lemma. □ 

The following lemma describes some relations between pathes in T and T/j. 

Lemma 6.4 Let T be a positive face structure, J' CT^ is an ideal. x,y,a £ T — J' . 
Then 



1. If a ^ l{T) then [x]^^^ € (5([a]^j.) iff there are y G 5{a) — J and a J-path 
(possibly empty) from x to y. 

2. If ai, . . . ,ak is a flat path in T — j{T) then < [ai]^j : 1 < i < k, ai ^ JUCj > 
is a flat path inTjj — ^ij{Tjj). 

3. Assume ai, . . . , G T — {J \J Cj). Then [cii]~j-, • • • , [a/ej^j is a flat path in 
T/j — l/ji'^Jj) iff for 1 < j < k there there is a J-path bj^i, . . . , bj^i- so that 

• • • 02,^2,1, ■ ■ • ,b2,i2,a3, ■ ■ ■ ,ak-i,h-i,i, ■ ■ ■ > ^fc-i,ifc_i«fe 
is a path in T. 

4- ET/j — ^{Tjj) iff there is a' — 7(r) such that a' -^j a. 

5. [x]r^j <^/J'+ [y]^j iffx <-^''^ y and the upper (T — j{T))-path from x to y is 
not a J-path. 

Proof. 1. follows easily from pencil linearity of positive face structures, 2. is 
easy and 3. is a consequence of 1. 

Ad 4. =^: Let a' = min^T,+ ([a]), i.e. a' is the least clement of [a]. Suppose 
that a' G l{T)i i-e. there is a G T such that 7(0;) = a' . Clearly, we can assume 
that a 7(r). If a G J" C then 8{a) a! and 5{a) <+ a', contrary to the 
choice of a', li a ^ J then 7/j-([a]) = [a] and by assumption [a] G Tj'j. But 
then by description of the loops is T/j-, a G j{T), contrary to the choice of a. The 
contradiction shows that a' 7(7"), as required. 

-^=: Suppose a £T — 7(r). We need to show that [a] gT/j — ^{Tjj). 

Suppose contrary, that there is a G T — (JT" U £ j-) such that 7/ ^-([0]) = a. Since 
a ^ 7(r) there is an upper jT^-path a, ai, . . . , CKfe, 7(0;). Since afc G i7 C T — 'y{T) and 
a ^ J,hy pencil linearity in positive face structures, we have that ak <^ ct. By Path 
Lemma, (since a l{T)) either a G 5{a) or there is i < fc such that 7(ai) G 5{a). 
Using the characterization of loops in T/ j we get in either case that [a] is a loop in 
T/j-, i.e. a ^ Cj contrary to the assumption. 

Ad 5. The 'if part is obvious. We shall show the 'only if part. The essential 
argument consists of showing that in case the path from [x\ to [y\ has length 1 the 
conclusion hold. Then use induction. 

So assume that [x], [a], [y\ is an upper path in Tjj with [a] G TJj. Thus we have 
x' G (5(a) — JT" so that one of the following four cases holds. There are jT-pathes 

1. from X to x' and from 7(a) to y; 

2. from X to x' and from y to 7(a); 

3. from x' to x and from 7(a) to y; 

4. from x' to x and from y to 7(a). 

In case 1. the conclusion follows immediately. The case 4. is most involved of 2., 3., 
and 4. and we will deal with this case only. 

Let x' ,bi, . . . ,bk, X and y, ci, . . . , c^, 7(a) be (non-empty) J'-pathes. We have 
x' G 5{bi) n 5{a). As bi e J and a ^ J we have 61 <+ a. As [a] G T^j, and 
bi,... ,bk is a v7-path we have j{bi) ^ 7(0), for z = 1, . . . , fc. By Path Lemma, 
we have a (non-empty) upper T — 7(T)-path ,t, b'l, . . . , 6^, 7(a). As [a] is not a loop 
b[, . . . ,b'i is not a ^-path. Since 7(0,.) = 7(^;) and both ci, . . . , and b'l, . . . ,b'i are 
T — 7(r)-pathes, it follows that one is the end-part of the other. As the former is a 



^-path and the latter is not, ci, . . . , is the end b[, . . . ,b'i. Thus we have an upper 
path x,bi, . . . , b'i_^., y which is not a J'-path, as required. □ 

Proof of Theorem 6.1. We shall check that Tjj satisfies all the conditions of the 
definition of an ordered face structure. 

Local discreteness, Strictness, and Loop-filling are obvious from the Lemmas 
above. 

Globularity. First we shall spell the definitions of the sets involved. For a G 
r>2 — JT", we have 

if/ji/jiM) = [77(a)] 

[77(a)] iiSia)CJ, 
'^/>77/^([a]) = <j l[777{a)] if (57(o) CJ, 

{[x] : X € Sj{a) — J} otherwise. 



S, da])- I t^^^'^)] if'5(a)C J, 

1/J0/J{m) < ^^^^^^j . ^ ^ ^^^^ _ otherwise. 



[77(a)] iid{a)CJ, 
^/J^/jiio]) = { M ■■ ^xu G 5{x) -J,x& 6{a) - J}U 

: 5{x) C JT^, X G 8{a) — J} otherwise. 



5-H\a\)-[^ if^(a)CJ, 
°IJ^^'^^> \ {[x\:xe 5{a) - {Cj U J)} otherwise. 



i-A.r n_ J if<5(a)C J, 

\ . ^ g ^(^^ _ u J)} otherwise. 



'^/^'^7i([a]) 



if 5{a) C J, 

{M : 3^ii G 5(x) - J, X G 5{a) - {Cj U J)}U 
{l[77(a:)] '■ ^{x) C J", x G (5(a) — J} Otherwise. 



Thus if 5{a) C J" it is easy to see that globularity holds. So we assume that 

5{o) % J- 

J -globularity. We shall show: 

1. [77(a)] G l/j6/ji[a]) 

3. 7/^<^/^([a]) - [77(a)] C S/jSj^i[a]) 

Ad 1. Let xo,xi, ... ,0;^ be a lower (5(a)-path such that 7(xfc) = 77(a), xq ^ J 
and Xi G v7, for i > {k is possibly equal 0). Such a sequence exists since (5(a) % J 
and is unique since Xj G T", for i > 0. Then 

[77(a)] = [7(xo)] G lij^ij{{a\). 



as required. 



Ad 2. Suppose contrary, that there is a; G 5{a) — [CjVJj) (i.e. [x] is not a 
loop) and u £ 5{x) — J such that [n] = [77(a)]. Let u,x = xq, xi, x^, 77(a) 
be the upper 6{a)-path from u to 77(a). Since u 77(a) and u <+ 77(a) there 
is an upper i7-path u,yo, . . . ,yi,jj{a). Ks Xq ^ J and u G 5(xo) fl (5(yo), by 
pencil linearity, wc have ijq <"*" xq. By Path Lemma, there is < i < ^ such, 
that 7(2/2) = 7(a;o)- Hence using the characterization of the loops in Tjj, [x] is 
a loop contrary to our assumption. Prom this contradiction if follows that indeed 
bl{a)]^5,j5j^{[a]). 

Ad 3. Fix X G 5{a) — J. Then [7(x)] G 7/j5/j([a]). Let XQ,...^Xk be the 
(5(a)-path such that xq ^ Cj \J J and Xi G Cj\Jj for i > 0. Clearly G T" if 
i > and possibly /e = 0. Then 7/j'([a;o]) = 7/j'7/j'([a]). So an arbitrary element 
oi ^/j5ij{[a\) — [77(0)] is of form [7(x)] for x G 5{a) — (i7 U {xq}). Then we have a 
lower 5(a)-path x = yi, . . . ,yi = xq with I > 1. Put 

r = max({/" : {2/2, • • • , yi"} C (/:^ U JT)} U {!}) 

As Xq Cj U J", we have 1 < I' < I, and y^z+i ^j- U J, i.e. [yr+i] ^ ^Jjiio])- 
Clearly, 7(2/;/) G (5(yi'+i) - J and hence 

[7(x)] = [7(yr)]G(^/^<j7i([a]), 

which ends the proof of 7-globularity. 

5-globularity. We have there different cases: 

I <5(a) C J, 

II 5{a) 2 J and 5-f{a) C J, 

III 6{a) % J and (^7(0) g J. 

Case I, as we already mentioned, is obvious. 
Case II: b{a) ^ J and (^7(0) C J. 
In this case we have: 

<^/>77/J'([a]) = l[777(a)]- 

^U^u'^o^ = {M ■ ^xeS{a)-j u G (5(x) -JjU {l[77(a;)] : <5(a;) C J, x G (5(a) - J} 
and 

7m5/-^(N) = {[7(0^)] : X G d{a) - {Cj U J)}. 

Let u e S{x) — J and x G (5(a) — J". As Sj{a) C J" and u ^ J, hy globularity 
(of positive face structures), u G 7(5(a). Thus there is yo G 5(a) such, that 7(2/0) = 

Since 5{J') r\ J = % and (^7(0) C J there is a (5(a)-path j/^, ... ,2/0 such that 
yfe ^ {J^Cj) and 2/ifc-i, ■ ■ ■ , 2/0 ^ C?^ U £^), > 0. Then [2/ifc] G ^-^([a]) and 
l/j{[yk\) = [u]- Thus {[u] : 3^g5(„)_j-u G (5(x) - J} C j/jSj^{[a]). 

It remains to show that 

1. there is x G d{a) — J, 6{x) C J, 

2. for any such x, we have l[77(x)] = -'^[777(0)] • 

Ad 1. The existence of such x follows easily from Path Lemma. 

Ad 2. Suppose x G (5(a) - J, S{x) C J. As J' n j{T) = 0, by globularity, we 
have that 6{x) C S'y(a). Hence 77(x) G 7(5(x) C 7(57(0), and then there is an upper 
(57(a)-path (possibly empty) from 77(x) to 777(a). But 6^{a) C J", so this is a 
iJ-path and this means that 77(x) 777(a), i.e. [77(x)] = [777(a)], as required. 

Case III: (5(a) ^ J and (57(a) ^ J". This is the only case, where we do not have 
equality but =1 only. We need to verify: 



1- ^ 

2- S/jj/ji[a])n-i/jSj}i[a]) = $; 

4- l/jS/jSJj{[a]) ^ 0/jS/jj/j{[a]). 
Ad 1. We have S/j-f/j{[a]) = {[u] : u € 6j{a) ~ J}. 



So, let u £ S'y{a) — J and u, xi, . . . , 77(a) be a (5(a)-path, > 1. There is 
\ <l <k such that Xi e J, iov i < I, and ^ J". Such Z exists, since d{a) ^ JT". 



Then [u] = [v]. Moreover, v G S{xi-^-i) — J, xi+i G (5(a) — JT", i.e. [v] G <5/j-(5/j-([a]), 
as required. 

Ad 2. Suppose contrary that there is ii G 57(a) — J' and x G 5(a) — {Cj U J7) so 
that [u] = [-fix)] G 7/jS/ji[a]). 

Thus we have a J^-path u,xi,... , x^, jix). As Sj{a) fl 7(5(a) = $, u ^ j{x) and 
/c > 1. Since 7(2;) = ^(xk), Xk £ J and x ^ J^hy pencil linearity Xk <"*" 2;. We 
have that 5{xi) fl 5(a;) = for 1 < Z < fc, since otherwise [x\ would be a loop. Let 
yi, . . . ,yr,xi, . . . ,Xk be a continuation of the path j/i, . . . , yr, xi, . . . ,Xk through u 
(i.e. j{yr) = u) such that there is w G S{y\) fl 5{x). Since a; G 5(a), G 55(a). So 
there is v' G 57(a) such that v' v. But then u and G 57(a), which is 

impossible. Thus 2. holds, as well. 

Ad 3. Let u G 5(a;) — ^7 and x G 5(a) — J, i.e. [«] G 5/j-5/j-([a]) and suppose 
that [u\ ^ 5/j-7/j-([a]). Let xq, . . . be a 5(a)-path, I > 0, such that xi, . . . ,xi C 
{Cj U J"), and xo ^ (^j- U ^7). Such a path exists since [u] ^ S/j7/ji[o])- Then 
[xq] G 5jj{[a]) and hence [■u] = [7(0:0)] G 7/j'5^^([a]), as required. 

Ad 4. We have 



We have 77(x) G 775(a) C 777(a) U 557(a). If 77(2;) = 777(a) then, using 
7-globularity of positive face structures, we have 

blix)] = [777(a)] = 7/jlf/j7/ji[a\) C ^/jS/j^/j{[a]) C e/jS/j^/j{[a]) 

and 4. holds. 

So now assume that 77(3;) G 557(a). Thus there is an upper 57(a)- 
path 77(x), ui, Ufc, 777(a). If it is a J'-path then [77(.x)] = [777(a)] G 
^/J^/Jl/j{[(^])- If it is not a ^J-path, then let io = min{z' : J'} and 



Then ui, . . . , is a j7"-path and 77(x) t E S{ui) — J. Thus [77(0;)] G 

<^/J-([^jo])- But Ui^ G 57(a) - J, so \ui^ G 5/j-7/j-([a]) and then 



Let 




u if Z = 1, 

7(x;_i) otherwise. 





77(x) if io = 1, 
7('Ui(,_i) otherwise. 



77(x)] G 5/^5/^7/j([a]) C 0/^5/^7/^ ([a]), 



as required. This ends the proof of globularity oiTjj. 



Disjointness. From the description of the orders we get immediately _L-'/-7'+ 
n ±^/J'^= 0. Ua,b€T-J and [a] <~ [b] the by definition a <^ " b. So we have a 
lower T — 7(r)-path a = uq, . . . , = b. Let bi, . . . ,bi be the path (possibly empty) 
obtained from ai, . . . ,ak~i by dropping elements that belong to Cj U J'. Then 
[a], [bi], . . . , [bi], [b] is a lower flat path in T/j. Hence [a] <~ [b] implies [a] <~ [b]. 

Now assume that d/j{[a]) (^0/j{[b]) = and [a] <~ [b]. We need to show that 
[a] <- [b]. 

So we have a lower fiat path [a] = [oq], . . . , [a^] = [b] in T/j, with k > 1. 
There are some cases to be considered. Wc will deal with the one which is most 
involved: k = 2, there are x € 5{ai) — J, y € 6{a2) — there are upper j7-pathes 
x,bi,...,bi,-/{ao), and y, ci, . . . , c^, 7(01). 

As [ai] is not a loop bi <"*" ai, for i < Z and q <"*" ai, for i < r. Moreover 
they are T — 7(T)-pathes. It is easy to see that if we continue the path bi, . . . ,bi as 
T — 7(r)-path we shall get to ci, . . . , (note that J^-laces are unary). Thus there 
is a path bi, . . . ,bi,di, . . . ,ds,ci, . . . , Cr, with s > 0. Then ao, di, . . . , d^, 02 is a lower 
path showing that a = uq <" 02 =, i.e. [a] <~ [b], as required. This ends the proof 
of disjointness. 

Pencil linearity. Let [a], [b] & T/j, and [a] 7^ [b]. First assume that 0/j{[a]) H 
0/j{[b]) / 0. Thus we have three cases to consider: 

I 7/^([o])=7/^(M), 

II j/j{[a]) e S/j{[b]), 

III 6/j{[a])nS/j{[b])j^^. 

Case I. Possibly changing the roles of a and b there is a J'-path 
7(a), oi, Ofc, 7(6). If 7(a) G S{b) or there is i < k such that 7(0,) G 5(6) then 
a <'^'~ b and hence [a] <7l^~ [6]. If it is not the case, that is 7(a) ^ (5(6) and for 
all i < /c 7(0^) 5(6) then by Path Lemma there is y S (5(6) and an upper path 
y,bi, . . . ,bi, a, ai, . . . , a^, 7(6) and a <+ 6. Therefore [a] <+ [6]. 

Case II. In this case we have x G (5(6) — J' and a ^J-path 7(a), ai, . . . , a^, x or 
X, ai, . . . ,ak,j{a). In the former case we have a b and hence [o] <^l^~ [6]. In 
the later case cither there is 1 < f < A; such that 7(6) = 7(04) and then 7/j'([6]) = 
7/j7'([a]), i.e. this case is reduced to I or, by Path Lemma, we have that Oj <"*" 6, 
for 1 < z < A;. Let Ofc, ai, . . . , a;, 6 be an upper path in T . As 7(0^) 7^ 7(6) there is 
1 < J < Z such that 7(afc) G i(aj). Since 7(0^) = 7(a) we have that 7(a) G ^(aj) 
and then a <+ 7(0-,) <+ 7(0;;) = 6, i.e. [a] <+ [6]. 

Case III. Possibly changing the roles of a and 6 there are x G b{a) — J and 
y G (5(6) — J" and J'-path x,ai, . . . ,ak, y- If there is 1 < z < A; such that 7(0^) = 7(a) 
then a <~ 6 and hence [a] <~ [6]. If for all i < n we have 7(0^) 7^ 7(a) then, by 
Path Lemma, 6 <+ a and hence [6] <+ [a]. 

Next let assume that [a] G TJj, [b] &T/j and 7/jr7/j(M) ^ '•/j(M)- Thus there 
are a;,y G 6{b) — {J U Cj) such that 7/j77/j(['2]) = G (5/j'([j/]). Hence there 

is u G S{y) — i7 such that 7(x) n. If we were to have a J'-path u,xi . . . , Xk,^{x) 
then, as w G (5(6) by Path Lemma, either there is 1 < i < k such that 7(xj) = 7(1/) 
or 7(xfc) 7^ 7(2/) and x^ <"'" y. In the former case [y] would be a loop in the later, we 
would have x <+ y and x,y G 5(6). As none of the above is possible, it follows that 
we cannot have a jT-path from u to 7(x). Hence we have a jT-path 7(x), xi . . . , Xfe, u. 

Claim. Exactly one of the following conditions holds: 

(i) there is a J-p&th (possibly empty) from 77(a) to 7(x); 

(ii) there is a i7-path (possibly empty) from u to ^7(0); 



(iii) (5(a) C {xi,...,Xk}. 

Clearly no two of the above three conditions can hold simultaneously. We assume 
that (i) and (ii) does not hold and we shall prove (iii). We can assume that k > 1. 
As (5(a) C J' and {xi, . . . , Xk} C JT", it is enough to show: 

(a) there is 1 < i < such that 7(a;i) = 77(a); 

(b) either 7(2:) € (57(a) or there is 1 < j < i such that j{xj) = (57(a); 

Ad (a). Suppose that (a) does not hold. Then, as (i) does not hold, we have 
an upper jT-path u,xi, . . . ,xi, 77(a), with I > k. As xi E J' and 7(a) ^ J', we have 
xi <"*" 7(0)- So by Path Lemma, either 7(xi()) € (57(a), for some k < iq < I 01 
u G i(a). In the former case we get (ii) contrary to the supposition. In the later 
case, on one hand, as u G 6{y) D i(a), we have that y 7(0)- Thus 7(7/) <"'" 77(a). 
On the other hand, if we were to have k < ii < I such that ^{xi^) = 7(7/) then, 
as Xi G J, we would have that [y] is a loop. Hence, by Path Lemma xi y, 
for i = k + 1, . . . ,1, and 77(a) = 7(2;;) 7^ 7(y)- But then, again by Path Lemma, 
77(a) 7(2/)- Therefore we get a contradiction once more. This ends the proof of 
(a). 

Ad (b). As we have established (a), let us fix 1 < zi < /c such that j{xi^) = 
77(a). Suppose that (b) does not hold. Then {xi, . . . C 6{a) and j{x) € i{a). 

Thus X <+ 7(a). Let yi, . . . ,yr,xi, . . . ,Xi^ be the lower i7-path consisting of all the 
faces in (5(a). Clearly, S{yi) = (57(a), 7(yr) = lix) and yr x. If we were to have 
1 < i < r such that (5(yj) n(5(.x) 7^ then the face [x] would be a loop contrary to the 
supposition. Thus, by Path Lemma, yi <"*" x, for i = 1, . . . ,r and there is i; E 5{x) 
such that V <+ d{yi) = (57(a) (both 6{yi) and (57(a) are singletons). On the other 
hand, as x 7(0), we have, by Path Lemma, a lower path zi, . . . , Zg = x, with 
s > 1, and w £ (^{zi) n (57(a). Then, for w' = ^{zg-i) € (5(x) (or w' = w if s = 1) we 
have (57(a) <+ w' . Thus v,w' E S{x) and v <+ (57(a) if'. But this is impossible 
by Proposition 5.1 of [Z]. This ends the proof of (b) and of the Claim. 

Having the Claim, it is easy to see, that in case (i) 7(a) < x and in case (ii) 
7(0) < y- Thus in both cases we have [a] <'*" [b]. 

Finally assume that (iii) holds. Thus x <~ 7(a) and 77(a) <"*" "yjib). From the 
later and [Z], we have that either 7(a) <~ 7(6) or 7(a) <"'" 7(6). If 7(a) <~ 7(6) then 
using the former and transitivity of <~ we would have x <~ 7(6). But x <+ 7(6) 
and this contradicts disjointness. Thus 7(a) 7(^')- Then, again by [Z], we have 
that either a <~ 6 or a <"*" 6, as required. 

The fact that qj is a collapsing morphism with the kernel J' is left for the reader. 
This ends the proof of the theorem. □ 

Proposition 6.5 Let T be a positive face structure, and I be an ideal in T. Then 
size{T/j) = size{T). 

Proof. We have a quotient morphism q : T ^ T/j such that, for a G T — JT", we have 
q{a) = [a]j. We shall show that, for any k E u, the restriction of this function 

is a bijection. This is clearly sufficient to establish 2. To see that qk is one-to-one, 

note that for a, a' €Tk — S{Tk+i), by Lemma 6.3.1, we have a a' . 

We shall verify that is onto. Fix [a]j G {T^j)^ — ^/j{{Tjj)k+i) such that 
a E T — J \s <+-maximal in its class [a]j. Suppose that a G (5(Tyt_|_i), and fix 
a G Tk+i — 7(rfc_|_2) such that a G 5{a). Then if cj; G i7, a is not <+-maximal in 
its class. If Q! ^ i7, then [a]j G TJj and [a\j G <5/^([q;]^). In either case we get a 
contradiction. Thus there is no o; G T^+i such that a G <5(a), and q^ is onto indeed. 
□ 



Positive covers 

Recall that the kernel of a collapsing morphism q : Y X is the set ker{q) = 
q~^{lx) C Y . In more concrete terms, as q preserves codomains, we have ker{q) = 
{a G y : q{a) = lq{a)}- 

We say that a collapsing morphism q:Y ^ X is & (positive) cover iff there is an 
ideal J in F, and a monotone isomorphism h-.Yj j — >^ X such that the triangle 

Y 

commutes. 

Proposition 6.6 Let q : Y X he a collapsing morphism and J an ideal in Y , 
and pj -.Y ^Y I J a positive cover. 

1. ker[q) is an ideal iff her (q) C y". 

2. q -.Y ^ X is a positive cover iff q is onto and ker{q) is an ideal. 

3. If ker{pj) C ker{q) then there is a unique collapsing morphism r :Y/ j ^ X 
making the triangle 

Y 

Y/j ^X 

commutes. 

Proof. Ad 1. Any ideal in Y is contained in y". Thus we need to show that if 
ker{q) C y" then ker{q) n ^{Y) = = ker{q) fl 5{ker{q)). 

Suppose there is a G ker{q) fl ^{Y). Let a G y such that 7(0;) = a. Then 

h{q{a)) = q{a) = q{i{a)) = 7(g(a)) e X 

and we get a contradiction. Thus ker{q) D 'j{Y) = 0. 

Now suppose that a G ker{q) rid{ker{q)). Fix a G ker{q) such that a G 6(a). As 
ker{q) C y" we have a = S{a). So we have 

^l{q(a)) = 9(a) = = ^{Q{a)) = <^(l7(q(a))) = TI^I")) ^ ^ 

and we get a contradiction again. 

Ad 2. Clearly the conditions are necessary. To see that they are sufficient 
it is enough to note that they imply that the map h : y/fcer(g) ~^ ^ such that 
h{[a]) = q{a), for a G y — is an isomorphism in oFs. 

Ad 3. We put r{[y]) = q{y), for y G y — J". Since ker{pj) C ker{q), r is well 
defined. As 



pj{y) = 




■ifyeY-J, 
if ye J. 



we have q = r opj. It remains to verify that r preserves 7, 6, and <~. 
Fix y,y' eY - J. We have 

[y] <^/-7'~ [y'] iff y<^'-y' iff q{y) k""'"^ q{y') iff r{[y]) K^^^^ r{[y']) 

i.e. r preserves <~. 



Now fix ?/ G y>i — J . We have 



^(7(b])) = ''([7(y)]) = 9(7(2/)) = 7(9(2/)) = 7(''(b])) 

i.e. r preserves 7. 

To see that r preserves (5 we consider two cases: (5(?/) C J" and 5(y) % J. If 
<5(2/) C J then we have 

'■('^([y])) = ''(1[77{J/)]) = lr([77(2/)]) = lg(77(y)) = li^iv)) =1 '^(^(l/)) = ^{r{[y])) 
and if (5(y) ^ J have 

K'^(b])) = K{M ■■ u e S{y) - J}) = {q{u) : u G Siy) - J} =i 
=1 {q{u) : u G 6{y)} = q{6{y)) =i 5(g(y)) = S{r{[y]). 
Thus in both cases 5 is preserved. □ 

7 Positive covers of ordered face structures 

In this section we describe a kind of inverse construction to the quotient construction 
from previous section. We shall show that any ordered face structure S can be 
covered by a positive one . We begin with some notation and the construction. 
Then wc shall prove few technical lemmas. Using these lemmas wc shall describe 
the properties of the construction, in particular that is a positive face structure 
and that qs ■ ^ S is a quotient morphism. Finally, we will make some farther 
comments about this construction. 

The construction of 5*^ 

S an ordered face structure fixed for the whole section. The construction of S*^ is 
based on cuts, but this time we consider the cuts of initial faces in S not, as in 
section 5, of empty loops. We use essentially the same notation for both cuts of 
empty loops and cuts of initial faces. But, as we never use these different cuts in 
the same context so there is no risk to mix them. 

Recall from section 3, that X = I'^ = S"^ — 7(6*^^) is the set of initial faces in 
S, and = 2"^ = {a € X : 6{a) = Ix} is the set of initial faces based on x. is a 
linearly ordered by < (we have, for a, 6 G X^,, that a < 6 iff 7(a) <~ 7(6)). An x-cut 
is a triple (x, L, U') such that L\JU = Ix and for a E L and P E U , a < (3. C{Ix) is 
the set of all x-cuts. C{lx) = C{1^) = []{C{Zx) : x G X}, where X C S, is the set 
of all X-cuts, i.e. all x-cuts with x E X. 

If {x,L,U) is a x-cut then L determines U and vice versa {L = 1^ -U and 
U = Ix — L). Therefore we sometimes denote this cut by describing only the 
lower cut (x, L, — ) lower description of the cut or only the upper cut (x, — , U) upper 
description of the cut, whichever is easier to define. 

For a G S and x G 5 {a). We define the following sets: 

I a = {a G X^(„) : a <~ 7(a)}, ix a = {a e Ix : 7(a) <~ «} 

and cuts (7(a), — , T a) and (x, Ix a, —). In order to save the space we drop subscript 
X in the notation [x 1 inside x-cuts, i.e. we often write (x, J, a, — ) instead of (x, [x 
a, — ). Clearly, (x, h) = (x, ix a, -) iff J,a: aU j 6 = Ix and jj; an j 6 = 0. 

We describe below the positive hypergraph S^. The set of faces of dimension k 

is 

si = C{Is,)uT^u 



where Ik+i is another copy of the set Ik+i whose elements have bars on it, i.e. 
Ik+i = {a : a € Ik+i}- Thus the faces of each dimension are of two disjoint kinds: 
cuts and bars. The domains and codomains in we define separately for bars and 
cuts. Fix A; > 0. For a G Ik+i we have 

7^(") = (77(«), T 7(«)), <^^(") = (77(«), i 7("), 
for (a, L, U) G CiXa), with a E Sk we have 

7t(a, L, U) = (7(a), -, T a), d^a, L, U) = U {(x, i a, -) : x G 5{a)}. 
We have a map qs '■ S'^ — > S such that 



g5(^) = 



; if z = (a,L,;7) gC(X„), 

^^(q) if z = a G X. 



i.e. it sends a-cuts to a, and any bar a to an empty-face 177(a) • 

Example. The positive cover of the ordered face structure T as below 




is the following positive face structure 

(ui, {03}, {ai, ao}) (mi, {03, ai, ao}, 0) 



(ui,0,{a3,ai,ao}) 



U2 



"3 



(ui,{a3,ai},{ao}) 





(.10 




( 


• 













Uo 



X3 



As before we use the convention that the empty cut in T\ say (xs, 0, 0), is identified 
with the corresponding face in T, 0:5 in this case. All bullets • denote cuts and they 
are linked by a line to the descriptions of the cuts they denote. 

An ideal I in an ordered face structure S is an unary ideal iff X C S{S'^). The 
following is a kind of inverse of the Theorem 6.1. 

Theorem 7.1 Let S be an ordered face structure. Then is a positive face struc- 
ture, I is an unary ideal in , qs '■ — > S is a positive cover with the kernel 



Some technical lemmas 

Since the Lemmas stated below are very technical we will comments on them. Lem- 
mas 7.2, 7.3, 7.4 are there to be used in the proofs of Lemmas 7.6, 7.7, 7.8. Lemma 
7.4 is a suplement to the pencil linearity axiom and it says intuitively that if some 
faces are incident then some (other) faces are comparable. Lemmas 7.6, 7.7, 7.8 
concern 96{x)-cu.ts. They express cuts determined by some faces in terms of cuts 
determined by some other faces. Lemma 7.6, is about the cuts determined by 7(x), 
Lemma 7.7, is about the cuts determined by a faces t G S{x), and Lemma 7.8, is 
about the cuts determined by a faces in 7(X-^^). 



Lemma 7.2 Let S be an ordered face structure x,a E S. If a E I and x <+ 7(0) 
then X = 7(a) 

Proof. Suppose x <"*" 7(a). Let x,ai, . . . , a^, 7(a) be an upper {S — 7(5~'^))-path, 
k > 1. As 7(a) = 7(afc) and a, a^. £ S — S~'^), we have a = a^. But this is a 
contradiction, as a € and G S~^. □ 

Lemma 7.3 Lei 6e an ordered face structure t,t' E S, z E Ij^t)) t <~ t' j lit) ^ 
6{t'). Then either t <~ 7(2) or 7(z) <~ i'. 

Proof. Suppose contrary that t 7(2;) i'. Then, as t <~ t', we also have 
t' -ft^ 7(z) ^~ t. So t ±+ 7(z) ±+ t'. Thus, by Lemma 7.2, we have 7(z) <+ t,t'. 
Hence, by Lemma 4.17, t -L"*" t' and we get a contradiction. □ 

Lemma 7.4 Let S be an ordered face structure u,x,y, z E S , z E lu, y E Z^^^- 

1. Let X E , 77(x) = u. If q{x) <~ 7(2;) then either z <^ x or j{x) <~ 7(2;). 

2. Let X E , 77(x) = u. If j{y) <~ 7(2) then either z x or j{x) <~ 7(-z)- 

3. Let X E S'", u E hi^), t = inf^{t' E 5{x) : u E 5{t')}. If -/{z) <~ t then 
either z x or 7(2;) <~ l{x). 

4. Let X E S^, u E 5^{x). If l{z) <^ ^{y) then either z <+ x or 7(2;) <~ l{x). 

Proof. We use notation as above in the statement of Lemma. Recall that if z E I 
then for no face z' wc have cither z' <^ z or z' <^ z. 

Ad 1. As 77(3:) = 77(2;) wc have cither 7(2;) _L+ 7(2) or 7(2;) _L~ 7(2;). In the 
later case, as assumption 7(2;) <~ 7(x) immediately leads to contradiction, we get 
7(x) <~ 7(2). In the former case we have either z x or z <~ x. The later of 
these to is impossible, as we would have 7(2) <+ t <~ q{x) and hence 7(2;) < q{x) 
contrary to the supposition. Thus we get cither z <+ x or 7(x) <~ 7(2). 

Ad 2. In this case again we have 77(x) = 77(2) and hence either 7(x) _L+ 7(2;) 
or 7(0;) _L~ l{z)- In the later case we again easily get that j{x) <~ 7(2;). In the 
former case, as 2 <~ x G £" is impossible, we get z x. Thus again, we get that 
either 2 <"'" x or 7(x) <~ 7(2). 

Ad 3. As 77(2) = (57(x) we have either 7(x) _L+ 7(2) or 7(x) _L~ 7(2). In the 
later case we easily get (otherwise 7(x) <~ t) that 7(2) <~ 7(x). In the former 
case, as 2 G T, we get that either 2 <"*" x or 2 <~ x. We shall show that 2 <~ x 
is impossible. Suppose contrary, then there is t' E 5{x) such that 7(2) t'. If 
we were to have 7(2) = t' then, by definition of t, we would have t <~ t' = 7(2). 
Thus 7(2;) <+ t' and there is a flat upper path 7(2),2;i, . . . ,2;^^,*', with A; > 1. If 
u ^ 0{t') then, as n = 77(2), there \s 1 < i < k such that u E t{zi). Hence 
t lizi) <^ 7(-2fc) = t' and we get a contradiction with local discreteness. If 
u E 9{t') then, using the definition of t, we easily get that t <~ t'. As 7(2) <~ t we 
get 7(2:) t' contrary to the definition of t'. Thus the assumption 2 <~ x leads to 
a contradiction. 

Ad 4. As 77(2) = 6'y{x) we have either 7(x) 7(2) or 7(x) _L~ liz). In the 
later case we easily get that 7(2;) <~ 7(x). In the former case, as 2,x G £^ we cannot 
have z _L~ x. As, x z El is also impossible, we have 2 <"*" x in that case. Thus 
we get cither 2 <+ x or 7(2) <~ 7(x). □ 

The above Lemma had four parts with first two and second two having the same 
conclusions. The following Lemma contains in fact four statement with essentially 
the same conclusion. This is why we state it in a bit unusual form to emphasize it. 



Lemma 7.5 Let S be an ordered face structure u,x,z G S, z G u G 0S{x). 
Moreover, assume that one the following four conditions 

1. t,t" G S{x), j{t) = ue S{t"), 

2. ye t" G S{x), 7(y) =t,ue S{t"), 

3. t G Six), y" e Z|+^ 7(i) = u, 7(2/") = t" , 

4. y,y"elf-, i{y) = t, ^{y")=t", 

holds. If t <~ 7(2;) <~ t" then either z x or there is t' G d^{x) such that 
t <~ t' <^ t", 7(z) <+ t' and -f{t') = u. 

Proof. We use notation as above in the statement of Lemma. Note that if 
7(z) <+ t' and t' G then -f{t') = u. 

First we shall show that any of the above four assumptions imply the claim: 
either z <+ x or 2; <~ x. Note that 77(2;) G 9S{x). If 77(2;) G then the claim 
follows immediately from pencil linearity. If 77(2) G 9^{x) then by pencil linearity 
we get that either j{z) -L"*" 7(x) or 7(2) ±~ "fi^-)- In the former case we get, again 
by pencil linearity, the claim. In the later case, as t <~ 7(2;) <~ t" , we get either 
t _L~ 7(0;) or t" _L~ "y{x), i.e. a contradiction, as t,t" <+ 7(0;) under each of the 
four assumptions above. Thus we have the claim. 

Now it remains to show that each of the following four assumptions imply that 
a z <^ x then there is t' G d^{x) such that t <~ t' <~ t", 7(2) <+ t'. As all the 
arguments are very similar we shall show this for the assumption 1. 

Assume z <~ x. Then there is t' G S{x) such that 7(2;) t'. We need to show 
that t <~ t' <~ t", and t' G S^. 

If 7(2;) = t' we are done. So assume that 7(2) t' and then we have a flat upper 
path 7(2;), 2;i, . . . ,Zk,t', with k > 1. If 77(2;) = u ^ 9{t') then there is 1 < z < A; 
that u G i{zi). So <^ 7(-Zj) 7(-Zfc) = and we get a contradiction with local 
discreetness. Thus u G 9{t') and we have t X~ t' _L~ t". If we were to have t' <^ t 
then we would have t' <~ 7(2) and if we were to have t" <~ t' then we would have 
7(2;) <~ t'. Thus we must have t <~ t' <~ f". Therefore there are u' G and 
u" G (5(i") such that u = -f{t) <+ u' <+ 7(t') <+ ti". As u,u" G and u <+ 
we have u = u" . Hence 7(i') G 5{t'), i.e. G S^. □ 

Lemma 7.6 Xei S he an ordered face structure u,xE:S,uE S^{x). We put 

W = sup{{q{x)} U 1(1^:^^^))), iinf = mi{{t G ^(x) : u G U ^{1^'')). 
The elements tsup, imf o,re well defined and 

1. iiiix), -, T 7(3;)) = (77W, T *sup)' 

2. {u,il{x),-) = {U,itinf,-). 

Proof. Ad 1. We consider two cases depending on whether tgup = q{x) or tsup = 
sup^(7(T|^"J^P). Fix 2; G Xy^(^). 

Case tsup = Qix). Assume 7(x) <~ 7(2;). As g{x) <^ lix), we have g{x) < 7(2;). 
But if we were to have g{x) <+ 7(2;) we would have 7(x) -L"*" 7(2;). Thus, as 7^>(x) = 
77(2;), we have g{x) 7(2). To see the converse, assume that g{x) <~ 7(2;). So 
by Lemma 7.4.1 we have that either 7(x) <~ 7(2;) or z <+ x. But z <+ x would 
contradict the choice of tgup- Thus 7(x) <~ 7(2;), and hence the equation 1. holds 
in this case. 



Case tsnp = sup_(7(2^^'^;^p). Fix ysup G '^^j(x) ^^'^^ ^sup = 7(?/sup)- Assume 
that 7(x) <~ 7(z). As 7(ysup) <^ lix) we have 7(ysup) < 7(^)- But 7(ysup) /"^ 
7(2), so 7(?/sup) <~ 7(^)- For converse, assume that 7(ysup) <~ li^)- If a; G 
then q{x) <~ 7(?/sup) and again by Lemma 7.4.1 we have that either 7(0;) <~ 7(2;) or 
z X. If X € 5^ then by Lemma 7.4.2 we get once more that either 7(2;) <~ 7(2) 
or z <"*" X. But z <+ X would contradict the choice of tgup- Thus 'y{x) <~ 7(2;), and 
hence the equation 1. holds in this case as well. 

Ad 2. We consider again two cases depending on the set tinf is in. Fix z G 

Case tinf = inf^({t ^ S{x) : u £ S(t)}). Assume j{z) <~ tjnf. Then by Lemma 
7.4.3 we have that either 7(2:) <~ 7(x) or z x. But z <+ x would contradict the 
choice of tjnf. Thus 7(2:) <~ 7(0;). To see the converse, assume that 7(2;) <~ 'y{x). 
But then as other cases are easily excluded we must have 7(2;) <~ tinf , and hence 
the equation 2. holds in this case. 

Case tinf = inf^(7(Zj7 ^)). Fix t/inf G 1^ ^ such that tjnf = 7(yinf)- Assume 
that 7(z) <~ 7(0;). As 7(ymf),7(^) ^ 1^'^'' we have 7(yinf) -L~ 7(2). As 7(yinf) <~ 
7(2;) leads immediately to a contradiction we have 7(2;) <~ 7(?/inf)- To see the 
converse assume that 7(2) <~ 7(ymf)- If x G S^^ then by definition of i/sup we have 
7(ysup) <~ inf^jt' G 5{x) : u G <5(t')} ^ii^l again by Lemma 7.4.3 we have that either 
7(2;) <~ 7(-t) or z <^ X. If a; G then by Lemma 7.4.4 we get once more that 
either 7(2) 7(x) or z x. But z x would contradict the choice of finf. 
Thus 7(2;) <~ 7(x), and hence the equation 2. holds in this case as well. □ 

Lemma 7.7 Let S he an ordered face structure u,t,x € S, u € 6(t) and t G 6{x). 
We put 

isup = sup({i' G 6{x) : t' <~ t, 7(i') = u} U -f{{y G if ■ liv) <~ 

ti„f = inf ({t' G 5{x) : t <~ t'} U ^{{y G X|(;'; : t <~ 7(y)}))- 

T/ie elements tgup? ^inf a'^e not necessarily well defined, due to the fact that these set 
might he empty, hut we have 

3. (n, !*,-) = < 

4. (7(i),-,Ti) 



ti, J, 7(x), — ) if tsup is undefined, 
"w, — ; T *sup) otherwise. 

\ (77(3;),-,! 7(3;)) iftnii is undefined, 
1 (7(*)) i *inf, — ) otherwise. 



Proof. Ad 3. First note that if tsup is undefined then t is tinf from Lemma 7.6. Thus 
the equation 3. holds in this case by Lemma 7.6.2. If tsup is defined then we consider 
two cases depending on the set tgup is in. However in either case, by Lemma 7.3, we 
have that |„ tU t isup = ^u- 

Case tsup = sup^({t' G (5(x) : t' <~ t, 7(t') = ti}). Suppose there is z G X„ such 
that tsup <~ <~ t. Then, as the assumption 1. of Lemma 7.5 holds, we have 
that either z <+ x or there is t' G 5^{x) such that tsup <~ t' <~ t, 7(2;) <+ t' and 
7(t') = u. Both cases contradict the choice tgup- Thus tfl j tgup = 0, and hence 
{u, i t, — ) = (u, — , t tsup) i-e. the equation 3. holds in this case. 

Case tsup = sup^(7({y G Xl^"" : 7(y) <~ t})). Fix ysup G such that 

7(ysup) = tsup- Suppose there is 2 G X„ such that 7(j/sup) <~ <~ t- Then, 
as the assumption 2. of Lemma 7.5 holds, we have that either z <^ x or there is 
t' G 5^{x) such that 7(ysup) <~ t' <~ t-, <+ t' and 7(t') = u. Both cases 
contradict the choice j/sup- Thus |„ tfl t 7(ysup) = 0; i-e. the equation 3. holds in 
this case, as well. 



Ad 4. First note that if tj^f is undefined then t is fgup from Lemma 7.6. Thus 
the equation 4. holds in this case by Lemma 7.6.1. If ti^i is defined then we consider 
two cases depending on the set tjnf is in. However in either case, by Lemma 7.3, we 
have that ii„fU 1 1 = I^_(t)- 

Case tinf = ini^{{t' € 6{x) : t <~ t'}). Suppose there is z G '^■^(t) such that 
t <~ 7(z) <~ tinf. Then, as the assumption 1. of Lemma 7.5 holds, we have that 
either z <"*" x or there is t' G 5^{x) such that t <~ <~ tinf, 7(2;) <^ i' and 
7(t') = 7(t). Both cases contradict the choice finf. Thus J,^(t) tinfn t i = 0, and 
hence (7(t), — , t i) = (7(^)5 i ^inf; — )> i-e. the equation 4. holds in this case. 

Case tinf = inf^(7({?/ G 1^^^^ : t <~ 7(y)})). Fix yinf G X^^j^^ such that 
7(yinf) = thii- Suppose there is z G lu such that t <~ j{z) <~ 7(yinf)- Then, as the 
assumption 3. of Lemma 7.5 holds, we have that either z <+ x or there is t' G 6^{x) 
such that 7(ysup) <~ t' <~ t, j{z) t' and 7(f') = 7(f). Both cases contradict the 
choice T/inf. Thus |^(|) tn | 7(yinf) = 0, i-e. the equation 4. holds in this CclSG ^ clS 
well. □ 

Lemma 7.8 Let S be an ordered face structure y,x E S, y E I^^^y Then 77(2/) G 
e5{x). We put 

tsnp = sup({t G Six) : t <- 7(2/)} U 7({y' € ^l^^l^) : liv') <~ 7(y)})), 

W = inf ({t G <5(x) : 7(y) <~ t} U 7({?/' £ X^^" : 7(y) <^ 7(2/')}))- 

The elements tsup^^inf are not necessarily well defined, due to the fact that these set 
might be empty, but we have 



5- (77(y)4 7(y),-) 



6- (77(y),-,T 7(y)) 



(77(2/)i i lix), -) iftsup is undefined, 

illiy), T tsup) otherwise. 

(77(2:), -, t 'yix)) i/tinf is undefined, 

(77(2/), i tini, -) otherwise. 



Proof. Ad 5. First note that if igup is undefined then, with u = 77(2/), y is yinf from 
(the proof of) Lemma 7.6. Thus the equation 5. holds in this case by Lemma 7.6.2. 
If isup is defined then we consider two cases depending on the set tgup is in. However 
in either case, by Lemma 7.3, we have that i-y-y(y) 7(y)U | tgup = ^77(2/)- 

Case 4up = sup^({t G S{x) : t <~ j{y)}). Suppose there is z G ^^^(y) such that 
^sup <~ <~ I'iy)- Then, as the assumption 3. of Lemma 7.5 holds, wc have 

that either z x or there is t' G S^{x) such that igup <~ t' <~ li^) — ^ ^' &nd 
7(t') = 77(j/). Both cases contradict the choice tgup- Thus i'^y^y) 7(y)n j igup = 0; 
i.e. the equation 5. holds in this case. 

Case tsnp = sup^(7({y' G I^^^^^ : j{y') <~ 7(y)}))- Fix ?/sup e ^7^^^) such that 
7(2/sup) = 4up- Suppose there is z G Iyy(y) such that 7(ygup) <~ 7(^) <~ 7(y)- 
Then, as the assumption 4. of Lemma 7.5 holds, we have that either z <+ x or 
there is t' G such that 7(ygup) <~ t' <~ t, 7(2;) t' and 7(i') = 77(2/) • Both 

cases contradict the choice ygup. Thus i'y'y(y) 7(y)n t 7(ysup) = 05 i-e. the equation 
5. holds in this case, as well. 

Ad 6. First note that if tinf is undefined then, 77(y) = 77(3^) and y is i/sup from 
(the proof of) Lemma 7.6. Thus the equation 6. holds in this case by Lemma 7.6.1. 
If tint is defined then consider two cases depending on the set t-mi is in. However in 
either case, by Lemma 7.3, we have that ijj^y) iinfU T 7(y) = -^■yy{y)- 



Case tinf = inf^({f G 5{x) : ^{y) <~ t}). Suppose there is 2; G ^-y-yly) such that 
7(2/) <~ 7(-2^) <~ ^inf- Then, as the assumption 2. of Lemma 7.5 holds, we have 
that either z <+ x or there is t' G 5^(a;) such that t <~ t' <~ tjnf, j{z) <+ and 
7(t') = 77(y). Both cases contradict the choice tinf. Thus i-y-y(y) iinfH T j{y) = 0; 
hence (77(1/), — , T 7(y)) = illiu)-, i Uai-, —)■, i-e. the equation 6. holds in this case. 

Case tinf = inf~(7({y' G '^^-y^y) ■ ^(y) <~ liv')}))- Fix j/inf G X^^^^^ such that 
7(yinf) = tinf- Suppose there is 2; G 1'y^{y) such that 7(y) 7(2;) <~ 7(yinf)- Then, 
as the assumption 4. of Lemma 7.5 holds, we have that either z <+ x or there is 
t' G such that 7(2/) <~ t' <~ 7(yinf), 7(2) <+ t' and 7(t') = 77(2/). Both cases 

contradict the choice yinf. Thus 177(2/) i 7(yinf) = 0, i-e. the equation 6. holds in 
this case, as well. □ 

The Proof 

Proof of Theorem 7.1. Fix an ordered face structure S. Clearly for a El, (^^(a) 7^ 0. 
Suppose that {x,L, U) is a cut in S]., with k> 0. Then either 5{x) 7^ or '5{x) = 
and then by Lemma 4.3 we have that there is y G I- ^ . In either case (5^(x, L, ?7) 7^ 
0. Thus 5'^ is a positive hypergraph. We shall check that satisfies all four positive 
face structure axioms. 

Globularity. We need to verify globularity for both kinds of faces in S^: bars 
and cuts. First we shall check globularity for bars. Fix a El. We have 

7'^7^(a) = (777(a), T 77(a)) = 7^5^ (a), 

6^j\a) = X<+7(") U {{t, i 77(a), -):te 577(0)} = 6^ 6^ (a). 
We need to show that 

7"^7"^(a) ^ (5^7^ (a). 

Suppose contrary that ^^^^{a) G 6^^^{a). Then, as 7^7^(0) is a cut, we would 
have 777(a) G (577(a), i.e. 77(a) is a loop. Thus by Lemma 4.3 there is a G X^^^^^e) 
such that 7(a) < 77(a). But then | 77(a) ^ a ^J, 77(a) and hence 

(777(a), -, T 77(a)) 7^ (777(a), i 77(a), -), 

which means that 7^7''' (a) S^j^a) after all. From this the globularity for bars 
follow easily. 

Now we shall check globularity for cuts. Fix a cut {x,L,U) in S^, with A; > 1. 
The sets involved in the globularity equations are sums of some sets. We shall spell 
these sets below giving names to their summands. We have 

-f^-f'^{x, L, U) = (77(2;), -, t 7(x)) = V', 
S^j\x,L,U)=I<^U{{u,l-f{x),-):ueh{x)} = ZiUZ2, 

j^s\x, L, u) = {(77(2/), -, T 7(y)) : y e 2:^^"} u {{i{t), -,U)-te S{x)} = ZsUZ^ 

(5t(5t(x, L, U) = {(77(y), i 7(y), -)-y^ 2:^^"} U {s : s G T^^\ t G (5(x)}U 
U{(u, i t, -) : t G 5{x), u G 5{t)} = Z^V] Zf,\J Z-j 
In order to verify 7-globularity, i.e. 

7V (^, U) = ^^S\x, L, U) - 8U\x, L, U), 



we shall show: 



(A) 4^e^^dHx,L,U), 



(B) ip ^SU''{x,L,U), 

(C) -f^6^x,L,U) - ^ CSU^x,L,U). 

Ad A. By Lemma 7.6 (7(x)-cuts) either x £ S^^ and = {'Jq{x), — , ] g{x)) € 
or there is y GG ^T^^^^ such that = (77(2/))— ;T 7(y)) ^ -^a- In either case 
V' G 7Ut(a;^L,;7). 

Ad B. As ip is not a bar, we have ip ^ Zq. 

Suppose ip G Z5. Then there is y G '^^^(^^ such that (77(y), i 7(y),— ) = '0. 
So y Gj 7(2;), i.e. 7(0;) <~ 7(y). But y <+ x, so 7(2/) <"*" 7(0;) and we have a 
contradiction with the disjointness. Thus ip ^ Z^. 

Suppose now that ip G Z^. So there is t G d{x) such that 77(0;) G S{t) and 
(77(0;), I t, —) = tp. As t G S{x) we have ^{t) <+ 77(3;). So t is a loop. Then, by 
Lemma 4.3, there is y G 2r^7(x) such that 7(1/) <^ t. As y G S'"'**, we have y <~ x, 
and hence 7(y) <+ 7(x). Thus y 01^7(3;) t and y 01 7(x), i.e. (77(a;)4 -) 7^ V' 
after all. Thus ip ^ Z5 and hence (5'''(5'''(a;, L, [/). 

Ad C. Fix ^ G 7t(5t(a;,L,[/), such that ^ ^ tp. If ^ G Z4 then there is t G 
such that ^ = (7(i), — , T We shall use Lemma 7.7 (t-cuts). As ^ 7^ ■0 

tinf = inf ({t' G : t <- t'} U 7({y G X^^^; : i <~ 7(y)})). 

is weh defined and then ^ = {-/(t), j tinf, -). Now, if tinf = inf^({t' G 5{x) : t <~ t'}) 
then C G 2'7 and if ti^f = inf^(7({y G I^^^^"" : t <~ 7(y)})) then C G ^5• 
If ^ G Z3 then there is y G I-^^, so that ^ = (77(y),— ,T lin))- We shall use 
Lemma 7.8 (7(y)-cuts). As / V then 

tinf = inf({t G 5{x) : 7(y) t) u 7({y' e : i{y) <~ 7(y')})) 

is well defined and ^ = (77(y), i tmf , -)• Again, if tinf = inf^({i G 5{x) : 7(y) <~ t}) 
then CeZr and if tinf = inf^{l{{y' G x|^"Jj : -f{y) <~ 7(2/')})) then ^ G Z5. Thus 
C. holds. This ends verification of 7-globularity for . 
Now we shall check (5-globularity for , i.e. 

S^j\x, L, U) = 6U\x, L, U) - -fU^x, L, U). 

Both sides of this equation contains both bars and cuts. We show equalities for 
them separately. 

First we shall show the equality for bars. We need to show that Z% = Z\. Clearly, 
Z% C Zx- We shall verify that Zx Q Zq. Let t G Zi, i.e. t G X and t <+ -f{x). As 
t e I and X n j{S~^) = we have that either t = j{x) = 6{x) or t / "y{x). In the 
former case clearly t G Zq. In the later case there is an upper {S — 7(5~'^))-path 
t,xi, . . . ,Xk,j{x) with k > I. By pencil linearity Xfe <^ x. As t G X C 5 — 7(6'"''*) 
by Second Path Lemma, either t G 6{x) or there is 1 < i < such that 7(0;^) G S{x). 
In either case there is s G 6{x) {s = t or s = 7(xi)) such that t <"*" s, i.e. t G Zq. 
Thus the (5-globulaxity for bars holds. 

Now we will show the (5-globularity for cuts. Clearly, it is enough to restrict 
ourself to cuts over 9S{x) as other cuts cannot appear in the equation. Moreover, 
by Lemma 4.7 (atlas), we have 9S{x) = ^^{x) UjS~^{x). As in S^^^{x,L,U) can 
appear only cuts over S^{x) we will split our proof farther by considering these two 
case separately. Let u G 65{x). By Xu-cuts we mean u-cuts in the set X. To end 
the proof of 5-globularity we need to show: 



(I) if u G jS-^ix) then 6^S^x,L,U)u^cuts ^ 7^(5t(x, L, C/), 

(II) if u G Sj{x) then the cut ipu = {u, j j{x), — ) is the only n-cut in S^j^{x,L, U). 

Moreover we have: 

(A„) i;^e5H'^{x,L,U), 
(B„) il^u^^^\x,L,U), 
(C„) (5t(5t(x,L,C/) 

u—cuts 

Note the similarity of the conditions (A), (B), (C) with (A„), (B„), (Cu). 

Ad I. Fix u G -f5~^{x) and tu G S~^{x) such that j(tu) = u. Let ip = {u, L', U') G 
5^\x,L,U). We put 

^ _ \ t ii (p E Zr and t G S{x) such that L' =J,„ t, 

\ 7(y) if G Z5, and y G Z|"^^ such that V 7(7/). 

Thus (p= {u,[ tip, -). Put 

W = sup({t' G : t' <- t^, j{t') =u}U 7({y' G : j{y') <~ i^})). 

As t„ G {t' G (5(a;) : t' <~ t,^, 7(f') = -u} 7^ the face tgup is well defined. Then, 
by Lemmas 7.7 and 7.8 we have that ip = {u, —, | tsup) £ 7^7^ {^^ L, U). 

Ad II. The fact that is the only u-cut in 5^^\x,L,U) is obvious from our 
description of this set as sum Zi U Z2. 

Ad A„. Let tinf = inf^({t G 5{x) : u G U7(T|"^)). If {t G : u G = 
then X G 5^ and hence, by Lemma 4.3, 7^ 0. Thus tjnf is well defined. By 
Lemma 7.6, we have ■0n = i ^mfi — ) £ (5^5^ (x, L, as required. 

Ad B„. Suppose V'u G -^a- Then there is y G I^"*"^ such that V'u = {u, — , T 7(2/))- 
As y X we have 7(y) <+ 7(x). Thus 7(7/) 7(a;). This means that y 
Clearly y ^| 7(y). Thus = (n, | 7(x), — ) 7^ (tx, — , t 7(?/))) after all. This shows 
that iIju ^ Z-i,. 

Suppose now that Vu £ Z^. So there is t G 5{x) such that ■i/'u = (^*)— )T t)- 
As 7(t) = n G 57(x), t is a loop. Then, by Lemma 4.3, there is y G such that 
l{y) <^ t and, by transitivity of <"*", 7(y) <^ 7(2;). Thus y ^1 t and y li^)- 
Then tpu = {u, | 7(x), — ) 7^ (n, — , | t). So Z4, and hence -0 ^ 7^(5^ (x, L, ?7). 

Ad C„. Fix ^ = g 6^6^x,L,U), such that ^ 7^ Vn- If ^ e ^7 then 

there is t G (5(x) such that u G and ^ = {u, I t, — ). We shall use Lemma 7.7 
(t-cuts). As ^ 7^ the face 

tsnp = sup({i' G 5(x) : <~ t, j{t') =u}U 7({y G I^^^" : 7(2/) <~ t})), 

is well defined and then ^ = (u, — , | tsup)- Now, if tsup = sup^({t' G 6{x) : t' <~ 
t, j{t') = u}) then e G Z4 and if 4up = sup^(7({j/ G : 7(2/) <~ *})) then 

If ^ G .^5 then there is y G X-^^, so that ^ = (u, | 7(2/), — ). We shall use Lemma 
7.8 (7(y)-cuts). 

As ^ 7^ the face 

tsnp = sup({i G S{x) : t <~ 7(y)} U 7({y' G I^^^^^ : ^iv') <~ 7(y)})), 

is well defined and ^ = (tx, — , | tsup)- Again, if tgup = sup^({t G (5(x) : t <~ 7(?/)}) 
then e G Z4 and if t^up = sup^(7({y' G I^^^^^ : j{y') <~ 7(2/)})) then ^ G Z3. Thus 
Cu. holds. This ends verification of c^-globularity for S^. 



Orders in S*^ . Before we verify the remaining axioms of positive face structures 
we shall describe the order in S"^. Let {x,L, U), {y,L', U') G C{lsk) t>e two cuts in 
Sl and a, 5 G Ik+i so that a,b are two bars in S^. 

For A; > 0, the upper order <'^'+ in sl can be characterized as follows (<+ is the 
upper order in S): 

1. (cut,cut): {x, L, U) <^'~^ {y, L', U') iff either x <+ y ov x = y and L ^L'; 

2. (bar,cut): a <t'+ {y,L',U') iff 7(a) <+ y; 

3. (cut,bar): {x,L, U) <^'^ b never holds true; 

4. (bar, bar): a <^''^ b never holds true. 

For k >1, the lower order <'f'~ in 5^ can be characterized as follows is the 
lower order in S): 

1. (cut,cut): {x,L,U) <t- {y,L',U') iff x <~ y; 

2. (bar,cut): a <t " (y, L', U') iff 7(a) <~ y; 

3. (cut,bar): ix,L,U) 6 iff x <~ 7(6); 

4. (bar,bar): a <'^'~ b iff 7(a) <~ 7(6). 

Strictness. The strictness is obvious from the above description of <''^''*". Note 
that all faces in are cuts. So <^'+ on Sq is a linear order since <+ is. 

Disjointness. With the description of <^'"'" and <^'~ above the disjointness is a 
matter of a simple check using disjointness of <+ and <~. 

Pencil linearity. Let a, b be two different bars in and {x,L,U), {y,L,U) be 
two different cuts in . To show 7-linearity we need to consider three cases: 

1. jix,L,U)=j{y,L',U'), 

2. j{a) = ^ix,L,U), 

3. j(a) = 7(6). 

Ad 1. We have (7(x),— ,t x) = (7(y),— ,T u)- x = y then either L ^ L' or 
L' <^L. Thus X _L+ y. li x ^ y and 7(2;) = 7(2/) then either x -L"*" y 01 x ±~ y. In 
case X -L'^ y we have {x, L, U) _L+ (y, L, U). We shall show that x _L~ y is impossible. 
Suppose X y. As 7(x) = 7(2/), it follows that y is a loop. Let c G Xy(j^) be an 
initial face such that 7(c) <"*" y. Then x 7(c) and y ■jt'^ 7(0)) i-e. T x ^1 y, 
contrary to the supposition. Thus x X'" y cannot hold true. 

Ad 2. We have (77(0),—,! 7(a)) = (7(2;),— ,T x). As 77(a) = 7(x), 
we have either 7(a) = x or 7(a) _L+ x or 7(a) _L~ x. If 7(a) <+ x then 
a <"*" (7(a), 0,—) <"'' {x,L,U). The other conditions are impossible. The condition 
X 7(a) is impossible by Lemma 7.2, and the condition 7(a) _L~ x is impossible 
as it is easily seen that we were to have j x / j 7(a). 

Ad 3. We shall show that this case, i.e. (77(0),—,! 7(a)) = (77(6),—,! 7(6)) 
is impossible. As a,6 G I-y-yia) then 7(a) _L~ "y{b). Suppose 7(a) <~ ^{b). Then 
b G 7(a) and b 7(^). So we cannot have | 7(0)) =T 7(^)- This ends the proof of 
7-linearity. 

Finally, to verify 5-linearity we need to consider the following four cases: 

1. ze5{x,L,U)n5{y,L',U'), 



2. {t, L", U") G 5{x, L, U) n 5{y, L' , U'), 



3. S{a) G S{x,L,U), 



4. S{a) = (5(6). 

Ad 1. In this case we have z <+ x and z <+ y. Thus by Lemma 4.17, x -1+ y 
01 X = y. In both cases (x, L, U) (y, L', ?7'). 

Ad 2. In this case t G n and {t, L", U") = {t, ix,-) = {t, i y, -). Thus 
either x -L"*" y or x _L~ y. In the former case we have {x,L,U) _L+ {y,L',U'). We 
shall show that the later case is impossible. Suppose x <~ y. Then x E and hence 
there is a G X such that 7(a) <+ x. So a G {[t y— it x) and {t, i x,—) {t, [ y, — ) 
contrary to the supposition. 

Ad 3. In this case 77(a) G S{x) and (77(0),! 7(a),—) = (77(0),! x,—). Thus 
either 7(a) _L+ x or 7(a) ±~ x. If 7(a) x then a {x,L,U). The remaining 
cases are impossible, x <"*" 7(a) is impossible by Lemma 7.2, and if we were to have 
7(a) ±~ X we would have 7(a) /i^^(a) x. 

Ad 4. We shall show that this case (77(0),! 7(a),—) = (77(6),! 7(6),—) is 
impossible. As a, 6 G Xy^(a) we have 7(a) _L~ 7(6). Say 7(a) <~ 7(6). Then 
a Gj 7(6)— i 7(a) and (5(a) 7^ (5(6) after all. This ends the proof of (5-hnearity. 

The fact that qs : S*^ — > is a positive cover with the kernel X. □ 

The theorem below show that if we take a positive cover of a quotient by an unary 
ideal then we get the ordered face structure back. Thus it shows that if we deal with 
unary ideals only the construction of taking quotient of a positive face structure and 
taking a positive cover of an ordered face structure are mutually inverse. 



8 fc-domains and fc-codomains of ordered face structures 

For any A; G a;, we introduce two operations 

dW^c^'^) : 06(oFs) — > Ob{oFsk) 

of the A;-th domain and the fc-th codomain. 

For a given ordered face structure T the wc shall define d('=)r and c'^'^^T via 
convex subhypergraphs d^^^T and c^^^T of T. Then we shall put 

dWr = [d^'^^T], c^r = [c^'^^T]. 

The operations d^'^^X and c^'^^X are defined for any convex subset of any ordered 
face structure T. We put, for I G oj, 

{d^^^X)i 

and 

(c(^)x), = 



if / > A:, 

^fc-7(^fe-+i) in = fc, 
Xi if / < k, 

iil>k, 

Xk-5{xj:^,) ifi = k, 



Xk-i - L{Xk+i) if / = A; - 1, 
Xi iil<k-l. 

Example. Here is an example of an ordered face structure T and its 1-domain and 
1-codomain: 

(^,0,W)^(^,W,0) 



The following is a more involved example. With ordered face structure S as below 
S ^2 



S3 



Sl . 



If III; 



X5 11 X4, 



X3 



II / 129 

XI 



its 1-domain is 



d(i)5 

X8 / \X7 



S3 



SI ■ 



XI 



the convex subset of S defining 1-codomain is 



S3 



X% 



S\ 



and finally the 1-codomain of S is 



so 



\x\ 



c«5 

«3 — >- SI (so,0,{a;o}) — — - (so,{2;o},0) 

We have 

Lemma 8.1 Let T he an ordered face structure, X a convex subset in T. The 
subhypergraphs d^^^X and c^^^X of T are convex. Moreover, for X = T, £''^''°'^ is 
empty, i.e. there are no empty loops in d^^^T (hence d^^^T = iSP'^T) and all empty 
loops in S'^^'''''^ have dimension k. 

Proof. The fact that d^^^X and cS'^^X are convex sets is an easy consequence 
Lemmas 4.11 and 4.16. f!'*'*'^^ is empty by loop-filling. The empty loops in S'^^'''''^ 
have dimension k by globularity. □ 

Thus the ordered face structures d^^^T and c^'^^T are well defined. We denote 

(k) (k) 

'^dWT ^c('=)T ■ Thus we have defined a diagram in oFs: 



T 




Example. Let X C F be convex subsets of an ordered face structure T as shown 
on the diagram below. 



X 



Y 



X y z 



X y z 



Clearly X QY. And the stretching of X and Y gives 
[X]: 



[sA-) 



(s,{x,z},-) 



and 



[Y]: 



{s,{x},-) 



{s,{x,y},-) 



{s,{x,y,z},-) 



respectively. Clearly there is no natural map from [X] to \Y]. 

This shows that there might be no natural comparison map between stretchings 
even if one of the convex subset is contained in the other. The Lemma below says 
that however in some important cases we do have such comparison maps. 

Lemma 8.2 Let T be an ordered face structure, X a convex subset in T. The 
embeddings d^^^X — > X and c^^^X — > X induce monotone morphisms d^^ : 

— > [X] and : [c^'^^X] — ^ [X] so that the triangles 

T 




[d^'^^X] 



d(*^)[X] c('=)[X] 
commute, where f and g are monotone isomorphisms. 

Proof. The morphisms ly send cuts over a face to that face. The commutation 

(k) (k) 

of the upper triangles comes to the observation (see below) that both d-^ and c)^ 
sends cuts over a to cuts over a for any a in d^'^^X and c^'^^X, respectively. 
Next we deal with the left lower triangle 

[d(''^X] 




d(*^)[x] 



In dimensions I < k,we have [X]i = [d^''^X]i = S'^^Xji and 

\X]J 



In dimension k, we have 

d(^')[X], = {(a,0,4^) : a G - 7(X^+\)}, 
= {(a, 0, 0) : a G Xfc - 7(^fc+\)} 

and 



(a,0,0)^(a,0,^:<f) 



Prom the description it is clear that both triangles commute and that / is an iso. 
Now we shall describe the lower right triangle 




cW[X] 

In this case we need to look at the cells of both dimensions k and — 1. In lower 
dimensions this triangle is, as in the previous case, the triangle of identities. To 
describe the above diagram, we shall describe the diagram 



X 



[X] 



[X] 



9 

[c(^)[X]] 



As the horizontal arrows in the left hand square are inclusions we need to describe 
only the right hand square. In dimension k, we have 

(c«X), = X,-<5(X,-\) 



cWx], = {(a,0,0)GC(^,^ 



: a 



eXk-5{X^^,)} 



c^'^X], = [X] - 6{[X]^^,) = {(a,-,0) G Ci£^) : a e X, - 6{X^^,)} 

c(^)[X], = [c«[X]], = {((a,-,0),0,0) G C{Sll'}^j) : (a,-,0) G c«[X]fe} 
and the commutation of the square is 

a- ^ (a,0,0) 



(a,0,0)^((a,-,0),0,0) 

So the diagram in dimension k commutes and is a bijection. 
In dimension k — 1 we have 

[c«X]fc_i = {{x, Lo, Uo) G C(£:f : x G X^^, - iiXk+i)} 
c'^^'l [X]k-i = {{x, Li, Ui) G C{£^) : there is no a G X, such that 

\,beS{a) 7(a) = x e S{b), (a, i a, -), (6, [a,-] £ [X]'^ 
and (7(a), -,T a) = {x,Li,Ui) = {x,i b,-)} 

= {((x,Li, t/i),L2,C/2) G : {x,Li,Ui) G c^'\X]k-i} 

and the commutation of the square is 



X 



\ {x,Lo,Uo) 



{x, Li, Ui) 1 ((x, Li, Ui), L2, U2) 

where the bijective correspondence between cuts {x,Lq,Uo) in C{S^ ) and the 
cuts of cuts {{x, Li,Ui), L2, U2) in [S-^^ is described below. 

First we introduce a piece of notation. We denote the faces aj„, aout S X^^ — 
K^k+i) ^^^^ t^^* 7(am) = x G (5(aout)- Such faces do not need to exists but if they 
do they are unique. We have 

Lo = {Z G : (/, -, 0) G L2 or ^^eL, a <+ Z}, 

[/o = {/ € : -, 0) G i72 or 3aeu, a <+ /}, 

Li = {a G £^ : ^i^Lq a I or ajji exists and a <^ din}, 
U\ = {a & £^ : 3ieUo o. <"*" I or aout exists and a <"'" aout, } 
L2 = {(Z,-,0)G^(';^'!.[J):/GLo}, 

f/2 = {(/,-,0)G^(t'!.'J):/G^o}. 

It is a matter of a check to sec that this correspondence is bijective and that g is 
indeed an iso. Note that in this notation the map c'^ : [c'^^^X] — > [X] is given by 

{x,Lo,Uo) i-> {x,Li,Ui). 

□ 



Proposition 8.3 Let q : S ^ T be a positive cover, I = ker{q) be an ideal in T 
determining this cover. Then we have positive covers dW(g) : dW5 ^ d^T and 
c^''\q) : c^'^^S c^'^^T, with kernels I D d^'^^ S andlHc^'^^S, respectively, making 
both squares 



dW(^) 



commute. 



Proof. To see that d^'^^g exists, we shall show that if a G 5^ and q{a) G 7(r^^i) then 
a G 7(5*^+1). So pick a G ^",^+1 such that 7(a) = q{a). As g is a cover, there is 
(3 G Sk+i such that g(/3) = a. Hence there is a X-path from a to 7(a) or from 7(a) 
to a. In the latter case a G 7(5*^+1) and we are done. So assume that there is an 
upper T-path a, ai, . . . , a„, 7(/3). As is not a loop and q{ai) = '^j^p), we have 
Oi <"•" /3 and a G ^(aS). In particular, wc have a G 7(5^+1), as required. 

Similarly we can show that we have a hypergraph morphism q' as in the diagram 

c^S 




making the square commutes. We shall show that q' can be lifted to c^^^q-.c^^^S — > 
[c('^)r]. As the only empty loops in c^^^T have dimension k we need to define the 
function 



(cWg)fe_i:5fc_i-45fe+0 



\J{C{£f^) : X G r,_i - .(r,+i)} 



only. For x G Sk-i — i{Sk+i), we put 

(cWg)fc_i(x) = 



(x, i a, 0) a G S'fc — and x G 5{a), 

(x, 0, T 6) 6 G 5fc - and x = 7(6). 



As for any x G iSfe-i — i{Sk+i) if G T^-i and Sg^^lj 7^ then either there is a 

unique a G S'fc — (5(5fc+i) such that x G (5(a) or there is a unique 6 G Sk — 5{Sk+i) 
such that X = 7(6), (c(^^g)jk_i is well defined. The remaining details are left for the 
reader. □ 

In particular, from this Proposition and Theorem 7.1, we have 

Corollary 8.4 Let S be an ordered face structure, qs : 5"^ — > S it's positive cover, 
with kernel I, as defined in section 7. Then, dim{I) < dim{S), Tf]c{S^) =I<n-2 
and 

c(5^)/i<„_, = cS, d(St)/^ - dS. 

The globularity equations for ordered face structures can be deduced from the 
above Proposition. 

Proposition 8.5 Let S be an ordered face structure k,l G lu, k < I < dim{S). Then 
the diagram 

S 




d«5 



Jk) c«5 



d«5 




commutes. 



Proof. Having Theorem 7.1 and Proposition 8.3 we see that the above diagram 
commutes as a consequence of the same diagram being commutative for the positive 
face structure. □ 



9 fc-tensor squares of ordered face structures 



Let S and T be ordered face structures such that c^^^S" = d^'^^T. In that case we 
define the k-tensor S oi S and T and the k-tensor square in oFs 



Si 



The local part of S ( 



; T is defined so that the square 



\s\ 



S\ 



is a pushout in IFs, so the faces of S (S>k T^are as in the following table: 



dim 


cW5 


dik)T 


S®kT 


I > k 








Si + Ti 


k 


Sk - 5{S-ti) 






k-1 


C{Sk-i - L{Sk+i)) 


Tk-i 


Sk-i 


l<k-l 


Si 


Ti 


Si 



'-k+l) 



Sk n Tk, 



By the assumption the first and the second columns are equal and the third describes 
the faces of S (8>fc T. To simplify the description of S (Sifc T, we assume that 

Sk-6iS^^,)=Tk-jiT,, 

and we introduce the notation for the function 

.1 : (c('=)5)fe_i = Tfe_i Sk-i. 

that sends t-cuts in 5*, (with t € Sk-i, i-c. elements of Tk-i) to t. All the components 
of the maps ks ■ S — > 6" 0^ T and kt '■ T — > S iSikT are inclusions except for 
(KT)fc-i which is [— ]. The domain and codomain maps in S ®k T, denoted 7® and 
(5® for short, are obvious except for fc-faces in j{T^^^)- If t G jiTj^^^) we put: 

= [7^(t)], S^it) = {[u] : u e S^m. 

To finish off the definition of S (8)fc T, it is enough to define <®'''~, for I > 1. For 
I < k, <(S®kT),,r^ <Si,~ g^^^ <(S®fcT),,~ -g ^5,,~ _^ ^T,,~^ for ; > fc + 1. Thus, it 
remains to define the orders <('S'®fcT)fc,~ ^^^^ <{S(g)fcT)fc+i,~_ r^^ie order <('S'®fc7^)fc+i-~ 
is defined for a,b & {S 0^ T)k+i = Sk+i + Tk+i we put 

either a, 6 G Sk+i and a <:^k+i,^ 5^ 
or a, 6 G Tk+i and a <'^'=+i'~ b, 
or a G Sk+i, b G Tk+i and a <^'^kT- jj 

i.e. it is <'^'~ on Sk+i, <-^'~ on is Tk+i, and moreover if the faces comes from 
different parts and arc <:^^®kT- related, then faces from S comes before the faces 
from T. The last clause of this definition is the only reason S ®kT \s not a pushout 
in oFs, in general. It may cause a face a from S to be <~-smaller than a face 
b from T even if there is no ^-relation between a and 6, whatsoever. By Lemma 
4.28, to define the order <('S'®fe^)fe:~ it is enough to say that it agrees with <^'='~ on 
the set {S 0k T)k - S{{S 0k 7")^+!) = (Jfc - '5(7r+\))- However we give below the 
full, but more involved, definition of the order <('S'®fc'^)fc'~. We have (S 0k T)k = 
Sk + 7(TV+\) = Tk + S{Sj:^^). We define <{^®fc^)fc'~ to be <'5'~ on Sk, and to be 



a < 



kT) 



fc+i''" b iff I 



on Tk+i- The essential case is if a; G S{S^,j^^) and y G 7(Tj^_|_j^). In that case 
there is a unique x' G SkHTk that x <+ x' . We put x <('S'®fc^)fc'~ y iff x' <^fc'~ y and 
xiffy <^fe'~ x'andy <('S'®fe'r)fc - x. In other words for x, y G {S0kT)k, 



y < 



we have: 



x < 



yiff < 



either x,y € S and x <'^'~ y, 
or x,y eT and a; <'^'~ y, 

or X G y G 7(^1+^) and 3^g5,nTfc_a; <^'+ z and z <^'' 

or x G 7(T^"I^-^), y G 5(5'fc+i) and x < 



■T)k~ 



and B^eSfcf-iTfc a; <'^'+ ^; and x <' 



Examples. Before we prove some properties of the above construction let us look 
at some examples of fc-tensors: 



S 

S 



S®qT- 
s 



T 

s 



In this case the only relation that is not coming from the fact that S ®qT \s a 
pushout locally is x <~ y. We have that x comes before y as in 'case of doubt' faces 
from S comes before those from T. 

The next example is a bit more involved. For the ordered face structures 

S . ^ ^ 

/ ^\ 

X _ 2/0 ^ 




J/2 yi 
we have c^^^S = S'^^T 



2/2 



2/1 



2/0 



and their 1-tensor S ®iT square is 



S®iT 




with a <~ 6 as the only additional data not following from the fact that S ®\T is 
a pushout locally. 

Proposition 9.1 Let S andT be ordered face structures, k Eui, andc^^^S = d^'^^T. 
Then S is an ordered face structure, and the k-tensor square 



commutes in oFs. Moreover the functor 
squares to pushouts. 



oFs 



IFs sends the k-tensor 



Proof. The whole proof is a matter of a check. We shall discuss globularity leaving 
the verification of other axioms of ordered face structure for the reader. 

The globularity condition for faces in S* 0^ T for other faces than those in 
and Tfe+i holds as a direct consequence of globularity for S and T. A simple check 
shows that in fact globularity for is also a consequence of globularity for T. Thus 
we need to verify the globularity for a G T^+i C [S 0kT)i;^i. We will write 7 for 7-^ 



and 7® for ^^'^kT_ ^ot empty-domain faces the globularity is obvious so we assume 
that a G T^_^^. Put 

L = {a E T^C^fe^i) '■ there is a fl Tj. — path (possibly empty) from 5{a) to 7a}. 
We have 

(-5 0fc T)^ = 



+ for I > k, 



S^ + L for / = k, 
for / < k. 

We shall describe the sets involved in the globularity conditions: 

6^{a) = S{a), S^'-^{a) = S-^{a)-L, 

7®7®(a) = [77(a)], 6^na) = {[t] : t G Sjia)]}, 
7®<5®(a) = {[7(x)] : x G 5{a)}, S®6^{a) = {[t] : t G M(a)]}, 

= {[^(^)] : ^ e 5(a) _ l}, 5^5®(a) = {[t] : 3,e5(a)-L t G 5(x)]}. 

By assumption on T we have 77(a) = jS{a) — (^(j~^(a). Thus to show the 7- 
globularity 

7® 7® (a) = 7® 5® (a) - '-^(a) 

we need to show 



1. 7®7®(a) (5^j®'^^l 



a 



2. 7®^®(a) C 7®7®(a) U (5®^® "^(a). 

Ad 1. Suppose 1. does not hold and fix face x G 5{a) — L, t G 5{x) such that 
there is an upper {s^ n r)-path t , xq, . . . , Xk, 77(a) from t to 77(a). In particular, 
this is Tk — 7(r^^)-path. As a; G T^, we have xo <"*" x.As 7(0;) <"'" 77(a), by Path 
Lemma and the definition of L, we have that x E L, contrary to the assumption. 

Ad 2. Fix X G (5(a). Let j{x),xi, . . . , Xfc, 77(a) be the flat upper (T^ — 7(T^-^))- 
path. If this path is S'^-path then [7(x)] = [77(a)], if it is not then [77(0;)] G 
(5® j®'~'^(a), as required. 

For (5-globularity we consider only the case 7(a) G T~^. The other case is easy. 
For empty-faces in T we have 77(5"^ (a) C 65j{a) and hence passing to equivalence 
classes we also have 7®7®(5®''^(a) C 0^6^j{a). Moreover as Sj{a) = SS{a) - jS'^^ia) 
holds in T to show (5®7®(a) = 5®d{a) - 7®(5®'~'^(a) we need to show again two 
things 

3. <5®7®(a)n7®5®'-^(a) = 0, 

4. (5®5®(a) C 5®7®(a) U7®(j®'-^(a) 

Ad 3. Suppose contrary, that 3. does not hold. Fix t G 5j{a) such that [t] G 
7®(j®'~''*(a). So there is x G 5~^{a) — L and upper {S^ fl Tfe)-path t, xi, . . . , Xfe, 7(x), 
with k > 1. lit € 6{x) or 7(xj) G S{x), for some i = 1, . . . , fc— 1 then x G L, contrary 
to the supposition. If i (5(x) and Xj <"'" x, for some i = 1, . . . , k, then, by Lemma 
4.8.1 and Path Lemma, 7(a) <+ x G (5(a) which is again a contradiction. Thus 3. 
holds. 

Ad 4. Fix t G (5(x) such that x G (5(a). Let xi, . . . , Xjt, t be the maximal flat 
upper (Tfe — 7(r^^))-path ending at t. By Path Lemma either there is t' G S'y{a) 
such that t' G (5(xi) or t' = 7(xi), for some i = 1, . . . , A; — 1, or Xj <+ 7(a), 
for some i = l,...,k, Xi G and 77(x) G 95^{a). In the former case, if the 
path t' ,Xj, . . . ,Xk,t is an S'^-path then [t] G (5®7®(a), if not then using again Path 



Lemma we get that [t] G ^'^6'^'~^{a). In the later case we can also easily show that 
[t] G 7®(j®'"^(a), as required. □ 

The following propositions establish a connection between tensor squares of or- 
dered faces structures and special pushouts of positive face structures. 

Proposition 9.2 Let X and Y be positive face structures, k E u, c^''\X) = 
d^'^^(y), and J an ideal in the special pushou^ X +fc Y. The quotient by ideal 
J of the special pushout being the top of the following cube 




is a k-tensor square on the bottom of the following cube, where , , and 
are the ideals that arise by intersecting J with X , Y, and c^'^^X), respectively. In 
the cube all squares commutes, and all vertical maps are covers. 

Proof. This is a matter of a simple check. □ 

Proposition 9.3 Let S and T be ordered face structures, k E uj, and c^^^ S = d^^^T 
and a positive cover p : {S 0kT)i — > S 0^ T with the kernel J . Then there are 
covers —>■ S and T^ T, such that the top square of the following cube 



Si 




(fc)(5t) 



P 



■Ti 



(S 0k T) 



P 



t 





K 




(S) 



is a special pushout in Fs"'"''^, and the bottom square is the quotient k-tensor square 
of the top by the kernel J . 

Proof. We denote {S 'S>k T)^ by P. We shall define the positive face structures S^, 
T^, and the morphisms from then| in the diagran^ 



Si 



qs 



QT 



S can be identified with a subset of S <S>kT (via ks). We define S^ as the inverse 
image of S i.e. S^ = q~^{S + Is)- 'S''' is a positive face structure as a convex subset 
of a positive face structure P. qs is the restriction of q to S^. It is onto since q is. 
It is also easy to see that the kernel of qs is J' r\ SK 
The d{^scrii:)l ion of facets of T^ is more involved. 



*By this wc mean the pushouts, in the category of positive face structures Fs"'"''^, of a special 
kind that have been described in [Z]. 



1. rt, = r^(r>feU%J, 

2. Tl = Pk-SiSl^,), 

qt is the restriction of g to T*. 

The verification that qt is a cover and c^'^^S'-'- = d^'^^T*, which comes to verifica- 
tion of two equaUties 

C(^)S| = q-\Sk U l5,_,) - 5{q-\Sk+i U l5,+J) = 



is left for the reader. □ 

The following proposition describe explicitly the abstract properties of fe-domain, 
fc-codomain, and A;-tensor operations in oFs. For more abstract treatment of these 
properties in terms of the notion of a graded tensor category see [Zl]. 

Proposition 9.4 The k-tensor operation oFs is functorial, compatible with the k- 
domain and k-codomain operations, associative, and satisfy the middle exchange 
law. 

Proof. In the course of the proof I will explain precisely what I mean by this 

statement in details. Roughly speaking, it means that the all local morphisms form 
al objects of oFs into a single ordered faces structure S has a natural structure of an 
oJ-category S*, with domains, codomains, and compositions in S* defined in terms 
of /c-domain, fc-codomain, and A;-tensor operations in oFs. 

The operations will be defined the operations on the skeleton of oFs. If X and Y 
are isomorphic ordered face structures there is a unique isomorphism between them 
and in fact it is the only monotone morphism between them. We shall identify two 
morphisms f : X ^ Y and /' : X' — > Y' in oFs iff there are isomorphisms making 
the square 

/ 



X 



X' 



f 



Y 



Y' 



commutes. As these identifications are harmless we shall work in oFs recalling the 
identifications if needed. 

To explain the functoriality of fe-tensor we define the category oFs x^. oFs as 
follows. The objects of oFs x^. oFs are pairs of ordered face structures {S, S') such 
that c^'^^S = d^^^S' and whose maps are pairs of monotone morphisms {f,f') ■ 
{S, S') — > (T, T') such that the diagram 



,(fc) 



/ 



S' 



f 



r 



commutes, where /" is the restriction of /' to d^^^S". We have four functors 

: oFs Xfc oFs — > oFs. 



7r°,7r''',7r, 



The three first functors are defined on objects as follows ^^{SjS') = S, 
Tr^{S,S') = S', Tr{S,S') = c^^ for {S,S') in oFs oFs, and on morphisms they 
are defined in the obvious way. The functor (g)fc is defined on object and morphisms 
in the obvious way but we need to verify that the local morphisms we get between 
local pushouts are in fact monotone. This we leave for the reader. Moreover we 
have four obvious natural transformations making the square 

^0 



TT 



,(fe) 



K 



TT 



commutes, in Nat{oFs oFs,oFs). 

By compatibility of A;-tensor operation with the A;-domain and fc-codomain op- 
erations, we mean that for any ordered face structure X the squares 



X 

,(fc) 



X 



X 

-x 



h(>')X 



X 

-X 



ld('=)x 

are fc-tensor squares. Moreover, for A; > Z, there are isomorphism making the trian- 
gles 



X:S>iX' 




XiSiiX' ^X '^X 

dW {X (g), X') c^^^X ®i cWx' 




c^^\X ®i X') 



commute, and for < ^, there are isomorphism making the triangles 



X^i X' 




'^X' ° ^X 



d(*^)(X (g)j X') 




X®iX' 

cW(X ®i X') 



commute. 

The associativity isomorphisms come from the fact that for any ordered face 
structure X, Y, Z such that c^*^)^ = d^'^^Y and c^^^^Y = S^^i Z both objects 



{X ®k Y) ®k Z, 
are locally colimits of the diagram 
X 



X ®k {Y ®k Z) 



Y 





(k) 

Y 




(fc) 



and the local isomorphism between them is in fact a monotone morphism. This 
easily follows from Proposition 4.27. 

Similarly, the interchange isomorphism between objects 



{X 0k Y) 01 {Z 0k T), 



{X 01 Z) 0k {y 01 T) 



where A; < Z, is defined as the local isomorphism between two colimits of the diagram 

X Y 



,(0 



,(0 



,(0 



,{i)Y 



,(0 



which is in fact a monotone isomorphism. □ 

Remark. It may seem that the /c-tensor operation is a bit arbitrary, as only part 
the order <~ in the ordered face structure S0kS' is determined by the fact that it is a 
pushout locally and that the embeddings : S ^ S0kS' and : S" — > S0kS' are 
monotone morphisms. If this structure determine uniquely the order <~ in S 0k S' 
(and hence the whole structure of S 0k S') then we shall call such a /c-tcnsor locally 
determined. It is not hard to see that the /s-tensor S 0k S' is locally determined iff 
there are no 'free' loops of dimension A; + 1 over the same A;-face x G c*^*^' S that came 



from both S and S', i.e. there are no I G S^_^_-^ 



d{S;^,) and /' G S',\, - 6{S',-_,\) 
such that = (as usually in such cases we assume that c^^^S = d^^^S'). 

However if we ask for an operation which is both pushout locally and functorial (in 
the sense explained above) then the fe-tensor operation is the only possible one. 



Proposition 9.5 The k-tensor operation is the unique functor ( 
oFs which is a pushout functor locally, i.e. the square 

,0 



: oFsXjtoFs 




evaluated at any object o/oFs oFs is a pushout in IFs. 

Proof. Assume that for any {X, X') G oFs oFs the square 



X 



X 0k X' 



Kx, 



d 



(k) 

X' 



X' 



is a pushout in IFs. This condition determines the functor 0k uniquely on all the 
objects (y, Y') of oFs XfcoFs for which fc-tensor Y0kY' is locally determined. How- 
ever every object {X, X') can be embedded in oFs x k oFs into a locally determined 
object {Y,Y'), i.e. we have morphism {f,f') : {X,X') — > {y,y') in oFs x^ oFs. 
As the morphism f f ■ X 0X' — > Y 0Y' is monotone the order <~ in X 0X' is 
uniquely determined by the order <~ in Y0Y', i.e. 0k is indeed the unique functor 
satisfying the above requirements. □ 

Thus the above proposition says that 0k is the only operation which is at the 
same time functorial and locally determined as a pushout. 



10 (^-categories generated by local face structures 

Now we shall describe an w-category T* generated by an ordered face structure T, 
i.e. we shall describe a functor 



: oFs 



LoCat 



however to prove some properties of (— )* it is more convenient to describe this 
functor on a larger category IFs, i.e. we shall describe in fact a functor 



(-)* : IFs - 
We have forgetful functors, for n G a;, 

TTn : oFs„ 



LoCat 



IFs 



For a local face structure T, and for n G to, the set T* of n-cells of T* is the set 
of isomorphisms classes of objects of the comma category 7r„ | T. 
For k < n, the domain and codomain operations in T* 

of the A;-th domain and the /c-th codomain are defined by composition. For an object 
X of oFs„ and a cell x : X — > T in T*, we define 

The identity operation 

* • -'■k -'■n 

is an inclusion. The composition map 

mn,fe,n : T* Xt* T* — > T* 

is given by the A;-tensor, i.e. for two n-cells x : X ^ T, y : Y ^ T in T* such that 
c^^ ; X = dy ^ ; y then 

mn,fe,n(a;,y) = [x,y] 
where [x,y] is the unique map making the following diagram 

T 




commutes. Note that [x,y] exists and is unique since the forgetful functor | 
oFs — > IFs sends X (g)^ F to a pushout. We often write x;^^ for m„ fe „(x,?/). 



Proposition 10.1 Let T be a local face structure. Then T* is an co-category. In 
fact, we have a functor (— )* : IFs — > uCat. 



Proof. All the properties in question of T* follows more or less in the same way 
from the fact that oFs is a monoidal globular category and the the tensors in oFs 
are pushouts locally. To see how it goes we shall check the associativity of the 
compositions. So suppose we have local morphisms x : X ^ T, y : Y ^ T, 
z : Z such that c^''\x) = d^''\y) and c^''\y) = S'^\z), i.e. the diagram 




commutes. Hence the two compositions of these cells are isomorphic via the canon- 
ical (local) isomorphism of pushouts 

T 




(y ®k z) 



But as we shown in Proposition 9.4 these isomorphisms are in fact monotone mor- 
phisms. Thus the morphisms [[x,|/],z] and [z, {y,z\\ represent the same cell in T* . 

The verification that T* satisfy also the remaining condition of the definition 
of the w-category is left for the reader. It should be also obvious that any local 
morphism between local face structures f : S ^ T induces an w-functor /*:£'*—> 
T* by composition. □ 

The ^-truncation S<k of an ordered face structure S need not to be an ordered 
face structure, however it gives rise to a local face structure of dimension k, i.e. for 
k & CO we have a truncation functor 



trk : oFs 



sending {S, <^'='~)fce^ to {S, 

<a)aeSyi <fe) where is the restriction of <~ to S{a), 
for a € S>i^<fc. Here IFs^ denotes the full subcategory of IFs whose object have 
dimension at most k. Clearly, we have a commuting square 

trk 



oFs 



IFsi 



i-r 



LoCat ■ 



Thus we have a functor 



trk 



i-)<k ■■ oFs 



kCat 



kCat 



which is defined as either of the above compositions. kCat is the category of k- 
categories. 



11 Principal and Normal ordered face structures 

We recall few notions form section 3. Let be an ordered face structure. is k- 
normal iff dim{N) < k and size{N)i = 1, for I <k. N is /c-principal iff size{N)i = 1, 
for I < k. N is principal iff size{N)i < 1, for I < u>. N is principal of dimension k 
iff A" is principal and dim{N) = k. 

Notation for a /c-normal A: {pf } = {pj = A; - (^(A^+i), for I < k. 



Lemma 11.1 Let P, Q, N , T he an ordered face structures, k E uj, P, Q principal, 
N k-normal. 

1. If the map f : P ^ T is local then it is a monotone morphism. 

2. If the map f : N ^ T is local then f is monotone iff fk preserves <~. 

3. If dim{P) = dim{Q) and the maps f : P ^ T and g : Q ^ T are local such 
that /(p^) = ^(p'^) then there is a unique monotone isomorphism h : P ^ Q 
making the triangle 



T 

commutes, where p^, p'^ are the unique faces of dimension k in P and in Q, 
respectively. 

4- If dim{P) = n > dim{Q) then any monotone morphism x : Q ^ P factorizes 
either via dp : dP P or cp : cP — > P. 

Proof. 1. and 2. follows immediately from Lemma 4.27. 4. follows easily from 

3. 

Ad 3. Let dim{P) = dim{Q) = k. By 1. we need to construct a local isomor- 
phism only. The argument is by induction on k. For k = the claim is obvious. For 
k > 0,we have by induction hypothesis the local morphism h' : c^'^^^^P — > c^''~^^Q. 
Then we note that the bijections / : 5{p^) — > 5(/(p^)), g : 6{p'^) — > S{g{p^)) 
preserves order. As /(p^) = ^(p'^) we get easily the local morphism h : P — > Q. 
□ 

Example. Note that in Lemma 11.1.4 it is essential that Q is principal and not 
any ordered face structure. In the example as below 



P 




with morphism f : X ^ P sending Xi to x and other cells to the same cell we clearly 
cannot factor / via neither dp nor cp. 

Lemma 11.2 Let T he an ordered face structure, I, k G to, I < k, and a G T^. We 
have 

1. {a} is a convex set and [a] is a principal ordered face structure, 

2. 6{a) is a convex set and [S{a)] is a {k — \)-normal ordered face structure, 

3. Moreover, if k > 0, then 



Proof. We shall prove 1. The rest is left as an exercise. 

The proof goes by induction of the dim{a) = k. If fc = then the thesis is 
obvious. So assume that A; > 0, the thesis holds for 7(a) and we shall prove it for 
a. If a eT^UT^ then < a > has faces as follows 



dim 


faces 


k 


a 


k-1 


7(a) 


k-2 


d'y{a) U 77(a) 



and hence the thesis is obvious. So assume that a E T Then < a> has faces 
as follows 



dim 


faces 


k 


a 


k-1 


(5(a) U7(a) 


k-2 


56~^{a) U 77(a) 


k-3 


56^''^^f{a) U 777(a) 



For the faces of dimension k and k — 1 the thesis is obvious, for dimensions k — 3 and 
lower the thesis holds by inductive assumption on 7(a). We need to check that <'^'+ 
and <<">'+ agree on < a >k-2- First note that by Lemma 4.2.3, if x G 55~'^{a) then 
X 77(ct). So assume that x € 5{a) and y € S{b), a,b E (5(0), x <'^'+ y. Let 

X, ai, . . . , a„, y be a flat upper T — 7(T~^)-path from x to y and x, 61, . . . , 6/, 77(a) 
be a flat upper (j(a)-path from x to 77(a). If y = 7(6^0) for some Iq < I, we 
are done. So assume contrary. Then by Path Lemma, there is Zi < / sTich that 
an <^ bi-^, ^{an) = y li^h)- Thus we have a flat upper path a„, . . . , /5,., 6;^ 
and, as y lihi)-, there is tq < r such that y G i-iPro)- Hence 5{b) fl t{Pro) 7^ and 
by Lemma 4.8.1, b <+ 7(6ro) < hi- But b,bi^ G 6{a) and we get a contradiction 
with discreetness. □ 

Let k € LO, N he a A:-normal ordered face structure. We define a (/c + 1)- 
hypergraph A''*, that contains two additional faces: p^^i of dimension k + 1, and 
p^' of dimension k. We shall drop superscripts if it does not lead to confusions. 
We also put 

7(Pfe+i) = Pk, 7(Pfe) = Pk-i, 



SiPk+i) 




if Nk + 0, 
otherwise. 



(^(Pfe) 




7(iVfe 



if iVfe / 0, 
otherwise. 



Clearly, 7(pfc) and (5(pfc) are defined only if > 0. 

As is fe-normal, NkJ^\ = 0, so N^, cannot contain loops. Thus, if N^, 7^ then 
S{Nk) — 7(iVfc) 7^ and d{pk) is well defined. This determines N* uniquely. N* is 
called the principal extension of N. 

Examples. Here are some examples of 1-normal ordered face structures N and 
their principal extensions N*: 



N 



• JJ. 



and some examples of 2-normal ordered face structures N and their principal exten- 
sions N': 




Proposition 11.3 Let N be a k-normal ordered face structure. Then 

1. N* is a principal ordered face structure of dimension k + 1. 

2. We have d{N') ^ N, c{N') ^ (diV)V 

3. If N is a principal, then N ^ (diV)*. 

Proof. Exercise. □ 



12 Decomposition of ordered face structures 



As positive face structures are easier and we understand well their decompositions wc 
define decomposition of ordered face structures via positive ones. This will simplify 
the proof of properties of the decompositions, as they will be easy consequences 
of the analogous properties of decompositions of positive face structures. However 
to get a better insight how the ordered face structures are decomposed we shall 
characterize the decompositions using convex subsets and stretching empty loops. 
We decompose along an X-cut rather than a face. 

NB. We write a instead of (a, L, U) if we don't need to specify explicitly which 
cut over a we consider. 

The k- decomposition of X is any presentation of X as a /c-tensor X = Xi®^ ^2 
of two other ordered face structures. Xi is the lower part of the decomposition and 
X2 is the upper part of the decomposition. The /^-decomposition o{ X = Xi <Sik -^2 
is said to be proper iff ,size{Xi), size{X2) < size{X). 

Let X be an ordered faces structure, a G X\ J the kernel of the standard 
positive cover q-.X'^^X. We define the decomposition of X along a as the bottom 
square of the following cube 




where the top square is the decomposition of the positive face structure along d, 
and the bottom square 



X 



is obtained from the top square by dividing by J7. 



Lemma 12.1 We note for the record 



d('=)(X), 



c«(XT'^) =c('=)(X) 



Proof. Exercise. □ 

Lemma 12.2 Let S, T he ordered face structures, k & to, and a = {a,L,U) G 



in^iin^^))- Then 

1. d e SdiT) iff there are a,l3 e Tk+i such that (7('=)(a), -, j T^'^+^H")) a 
and {-i^''\l3), -, T ^+ a- 

2. Sd{T) = Sd{T^). 

3. size{T) = size(rt). 

4. «/cW(S) = dW(r) then, for I e u, 



5. size{T)k >liffk< dim{T). 

6. Sd{T)k^^iffsize{T%+i>2. 

7. T is principal iff Sd{T) is empty. 
Proof. Easy. □ 

Before we shall establish the important properties of this decomposition we shall 
show another way of constructing this decomposition. Let F be a convex subset of 
an ordered face structure X. We define two subhypergraphs Y^"- and of X: 






Lemma 12.3 With the notation as above Y^"- and Y'^"- are convex subhypergraphs 
ofX, cW(y*«) = Moreover S^"^^ = and 




Proof. Easy. □ 



Lemma 12.4 With the notation as above there are monotone isomorphisms and 
hi making the triangles 




commute, k 



Proof. By Lemma 5.3 it is enough to show that the image of the monotone morphism 
: X^'^ — > X is X'^"' and the image of the monotone morphism '■ X^"' — > X 
is X^"". The remaining details are left for the reader. □ 

Note that, by the above Lemma X^"- is isomorphic to X^*^ and if a is not a loop 
in X, X'^"' is isomorphic to X^"-. However the ordered face structure X^"' is not that 
complicated even if a is a loop. We shall describe it now. Thus £^^^ = {a}. In 
this case, up to isomorphism, the underlying hypergraph of X^°' can be describe as 
follows. 



X; 



Ta 



fa 

-fro 



if / 7^ A; - 1, 

(Xf , - {7(a)}) U {7(a)-,7(a)+} ii I = k - 1. 



1' 



^^"^ and (5^^" are as in X''^" (and X') except for 7^^ and 5-^^. For c G X^" we 



put (7 and (5 stands for 7 and b , respectively) 



7 (c) 



7(c) if 7(c) 7^ 7(a), 
7(0)^ if 7(c) = 7(a) and c 
7(a)"'" otherwise. 



5(c) if7(6)^<5(c), 

(5(c) - {7(a)}) U {7(a)+} if 7(a) G (5(c) and a <~ c, 

((5(c) — {7(a)}) U {7(0)"} otherwise. 



The order <~ in X^°- and is uniquely determined by the fact that it is reflected 
from X via and k]^. 

Examples. For the ordered face structure T as below 

T 




and a cut u'l = {ui, {03}, {02, ai}) we have the following decomposition 




Ul 



Xo 



Uo 



X2 ^1 



and for the cut X4 = {x4, 0, 0) we have the following decomposition 



U2^Ui^ Uo U2 {Ui,$, {X4}) i^a2 , (wi, {x^}, 0) ^ Xq 

aX3 I. 
A 
_ 

X4 X2 XI 

The following Lemma establishes some properties of the double decompositions. 
The double decomposition is meant in the sense of convex set decomposition, i.e. 
when we write X^^'^"- we mean [X''^'^''^"] . 

Lemma 12.5 Let X be an ordered face structure, a = {a,L,U),x = {x,L',U') G 
(X''' — l{X^)), k = dim{x) < dim{a) = m. 

1. We have the following equations of ordered face structures: 

i.e. X- decompositions and a- decompositions commute. 

2. Ifxe Sd{X) then x G Sd^ia{X^^) n Sd^ra{X^^). 

3. Moreover, we have the following equations concerning domains and codomains 

(X-'-*-'-") = c^'^\x^^^^) = d'^'^\x^^^°') = d^'^\x^^^^) 
cM (X-'-*-'-") = d'^'^\X^*'^"'), c^'^) (X'^^^"-) = d^"^\x'^^'^"'). 

4. Finally, we have the following equations concerning compositions 

X^^^^ (8)fc X^^^^ = X^^T" Ofc X^^Ta = 

Proof. We need to verify the above equations for arrows i\. and f|~ instead of | 
and j. □ 

Lemma 12.6 Let T he ordered face structure, X convex subhypergraph of T, and 
a,beX, d= (o, L, U),b = {b, L', U') G - i{T^), dim{a) = dim{b) = m. 

1. We have the following equations of ordered face structures: 

i.e. the same direction a- decompositions and b- decompositions commute. 

2. Assume a <^ b. Then we have the following farther equations of ordered face 
structures: 

Moreover, if d,b € Sd{X) then d € Sd^ft{X^'^) and b € Sd^u{X^^). 

3. Assume a <J' h, for some I < m. Then X^'^^"', XT"^^, are ordered face struc- 
tures, and 

Xi" ®rn X^^J-^ = X^'' XT^i« 

Moreover, if a,b G Sd{X) then either there is k such that I — 1 < k < m and 
(7^(0), T 7(*^+^)(«)) e Sd{X) orde Sd^f.iX^'') and b G Sd^^^X^^). 



Proof. Easy. □ 

The following properties of ordered face structures are inherited from the corre- 
sponding properties of positive face structures. 

Lemma 12.7 Let T be ordered face structures of dimension n, I < n — 1, a = 
{a,L,U) e Sd{T)i. Then 

1. ae Sd{cT) n Sd{dT); 

2. d(ri«) = (dT)i«; 

3. d(TT«) = (dT)T»; 
I c(Ti«) = (cr)i«; 

5. c(TT") = (cT)T». 

Proof. See the the corresponding properties of positive face structures in [Z] . □ 

Lemma 12.8 Let T,Ti,T2 be ordered face structures, dim{Ti) , dim(T2) > k, such 
that cW(Ti) = d«(T2) and T = Ti®k T2, and let Z = j{{Ti)k+i) - S{{T^^)k+i). 
Then $ Z <Z c^''\Ti)k. For any face a G Z, the cut d = {a,Ta H {Ti)k+2,^a H 
{T2)k+2) G Sd{T) and one of the following conditions holds: 

1. either Ti = T^" and T2 = T^"; 

2. or a € Sd{Ti)k, T^" = Pj;^ and T^^ = t/" 0^ T2; 

3. orae Sd{P2)k, P^^ = Pf and T^" = Pi 0^ P^^. 

Proof. See the the corresponding properties of positive face structures in [Z] . □ 

13 T* is a many- to-one computad 

Proposition 13.1 Let P be an ordered face structure. Phen P* is a many-to-one 
computad, whose indets correspond to the faces of P. 

Proof. In fact, to be able to carry on the induction we need to prove more. Let 
P be an ordered face structure, n E u. 

Inductive Hypothesis for n. For any ordered face structure P, the n-truncation 
T^jj of P* is a many-to-one computad whose n-indets are in the image of the em- 
bedding v : Pn — y P*, sending a G r„ to the local morphism Va '■ [o] — ^ T in 

The proof proceeds by induction on n. The Inductive Hypothesis for n = 0, 1 is 
obvious. 

So assume that the Inductive Hypothesis holds already for some ra > 1. Suppose 
that P is an ordered face structure. We shall show that P^^+i ^ many-to-one 
computad whose n -\- 1-indets are in the image of u : Pn+i — * ^n+i- 

We need to verify that for any w-functor / : T<„ — > C to any oj-category C, 
and any function |/| : Pn+i — > Cn+i such that for a € T„+i, and Va : [a] — >■ T 

dc{\f\{a)) = f{d{ua)), cc(|/|(a)) = f{c{ua)), 

there is a unique w-functor F : P^n_^_i — > C, such that 

F„+iK) = |/|(a), F<n = f 



as in the diagram 



n+l 



<n+l 



-<n 



We need some notation for decompositions of cells in T*. If (p : X ^ T & T* 
and a is a cut in X^ then ip^^ = k^^; ip : X^^ — > T, and ip^^ = k^^; (p : X^^ — > T. 
We define F^+i as follows. For : X ^ T G T*^^-^ 



l/l(«) 



if dim{X) < n, 



if (/? 



[a] T, for some a G T^+i, 



if dim{X) = n + 1, a G 5d(X)i. 



Clearly = fk, for k < n. The above morphism, if well defined, clearly preserves 
identities. We need to verify, for any ip : X ^ T in T^+i, the following three 
conditions: 

I F is well defined, i.e. for d,b e Sd{X) we have Fn+i{(p^°');i Fn+i{(p^'^) = 

Fn+liif^^Fn+liip^h, 

II F preserves the domains and codomains i.e.we have F{d(p) = d{F{ip)) and 
F{cip) = c{F{ip)), 

III F preserves compositions i.e., we have F{ip) = F{(pi);k F{ip2) whenever ipi : 
Xi^Te r*+i for ^ = 1, 2, c«(^i) = d«('/'2), and ip = p>r,k ^2- 

Assume that (p : X ^ T e Tfc+i, and for faces y : y — > T of T* of size less than 
size{X) the conditions [I], [II], [III] holds. We shall show that [I], [II], [III] hold 
for ip. as well. For X such that ,size(X),„-|_i = all three conditions are obvious. 

If X is principal of dimension n + l, [I] is trivially true as Sd{X) = 0, [III] is 
true as ii p = (pi;^ 'P2, with X principal then either pi or p2 is an identity. So we 
need to check [II]. We have that Xn^i = {m^} and p{m^) = a G T^+i. By Lemma 
11.1.3, there is a unique isomorphism h : [a] ^ X making the triangle 

[pim^)] ^X 



commutes, i.e. i^^(m^) and p represent the same cell in T*, and hence [II] follows 
immediately from the properties of /. 

Now assume that X is not principal and dim{X) =n+l. 

Ad I. First we will consider two saddle cuts a, x G Sd{X) of different dimension 
k = dim{x) < dim{a) = m. Using Lemma 12.5 we have 



ind. hyp. Ill 
MEL 



F{p>^^)-mF{p>'^^) = 

= {F{p^^^^y,^F{p^^^^)) = 

= {F{p^'^^y,m F{ip^'^^)y,k {F{ip^''^^y,m F{p^''^^)) = ind. hyp. Ill 



Now we will consider two saddle cuts a,b & Sd{X) of the same dimension dim{a) = 
dim{b) = m. We shall use Lemma 12.6. Assume that a <^ b, for some I < m. If 
X = (7*^'^)(a), — , t 7('^+^)(a)) G Sd{X), for some k < m, then this case reduces to the 
previous one for two pairs d,x E Sd{X) and b,x e Sd{X). Otherwise a G Sd{X^''), 
d G Sd{X^^), and we have 

F{ip^^y,k = ind. hyp III 

= Fi^^^^^k F((^T6Ta) = hyp III 

= F{^^^-k ^ ^^^^ jjj 

= F{ip^^)-k {F{ip^''^%k = hyp III 

= F{^^%F{^^') 

Finally, we consider the case a b. We have 

F{ip^^);k F{ip^'^) = ind. hyp III 

= {F{if^^^'-)-k F{^^^^'-))-k = hyp III 

= Fi^^%F{<p^') 

This shows that F{ip) is well defined. 

Ad II. We shall show that the domains are preserved. The proof that, the 
codomains are preserved, is similar. 

The fact that if Sd{X) = then F preserves domains and codomains follows 
immediately from the assumption on / and |/| and Lemma 12.2. So assume that 
Sd{X) / and let d G Sd{X)k- We use Lemma 12.7. We have to consider two 
cases: k < n, and k = n. If k < n then 

Fn{d{ip)) = FrM^yi-kFrM^Yn = 

= Fn{d{^^l)-k Fnidiv^n) = ind hyp II 

= d{Fn+l{^^^)y,kd{Fn+lif^^)) = 

= = ind hyp I 

= d{Fn+i{v)) 

li k = n then 

Fn{d{^))=Fn{d{<p^^;n^^l) = 

= Fn{d{ip^^)) = ind hyp II 
= d{Fn+i{ip^^)) = ind hyp II 
= c?(F„+i((^J-");„F„+i(v9T'^)) = ind hyp I 
= d{Fn+i{v)) 

Ad III. Suppose that (p = <pi;k'P2- We shall show that F preserves this compo- 
sition. If dim{Xi) = k then (p2 = (p, (pi = d^'^^ip). We have 

Fn+l{v) = Fn+l{ip2) = I'-^^^ll^^^^yk Fn+l{^2) = 



The case dim{X2) = k is similar. So now assume that dim{Xi) , dim{X2) > k. We 
shall use Lemma 12.8. Let us fix a face a G 7((Xi)fe+i) — and a cut 

d = {a,ia n (Xi)fe+2,x„ n {X2)k+2) e Sd{x). 

If Xi = Xi" and X2 = XT« then we have 

If a e 5d(ri)fe, Ti« = and T^" = T^^" 0k T2 

F{ip) = F(ip^^) = ind hyp III 

= F{^f))-k F{^2) = ind hyp III 

F{ipiy,k F{ip2) 

If a G Sd{T2)k, TT» = T^^ and T^" = Ti 0^ T^^ 

F{ip) = F{ip^^);k F(^Ta) = /jyp jjj 
= (F(<^i);feF(<^f));feF(^|«)) = 
= F{<fiy,k {F{^f);k F{^f)) = ind hyp III 
F{vi);kF{<P2) 

So in any case the composition is preserved. This ends the proof of the Lemma. 

□ 

For n G a;, we have truncation functors 
such that, for S in oFs 

-s«'" = (s„,5*„,[<5],[7]), (5r'" = -s^„ 

and for / : S ^ r in oFs^oc we have 

/^'" = (/n,(/<n)*), (/)*'" = /<„• 

Corollary 13.2 For every n ^ lo, the functors (— and ( — )*'"■ are well defined, 
full, faithful, and t hey send all tensor squares to pushouts. Moreover, for S in oFs 
we have S* = . 

Proof. The functor (—J" : Comma™/^ — > Corap^/^ , which is an equivalence of 
categories, is described in the Appendix. 

Fullness and faithfulness of (— is left for the reader. We shall show simulta- 
neously that for every n G a;, both functors (—)*>" and (—)*'"■ send n-truncations of 

tensor squares to pushouts. For n = 0, 1 this is obvious. So assume that n > 1 and 
that (—)*'" and (— )tl'"- send ra-truncations of /c-tensor squares to pushouts. Let 

S S®kT 



be a tensor squares in oFs. The fact that the functor (— )tt'"+i sends this square to a 
pushout in Comma^J can be verified in each dimension separately. In dimensions 
lower or equal to n this follows from the fact that the functor (—)*'"■ sends n- 
truncations of tensor squares to pushouts. In dimension n + 1 we need to check that 
the square in Set 

Sn+l ^ (>S' ®k T)n+1 



is a pushout. But this easily follows from the the description of the tensor square 
given earlier. So the whole square 



is a pushout in Comma^_|^J, i.e. (— )tt'"+i send (n + l)-truncations of /c-tensor 
squares to pushouts. As is a composition of (— with an equivalence 

of categories it send (n + l)-truncations of fc-tensor squares to pushouts, as well. □ 

Corollary 13.3 The functor 

(-)* : oFsioc Comp'^/i 

is full and faithful and sends tensor squares to pushouts. 

Proof. This follows from the previous Corollary and the fact that the functor (— : 
Comma^/^ — > Comp^^''' (see Appendix) is an equivalence of categories. □ 

Let P be a many-to-one computad, a a A;-cell in P. A description of the cell a is 
a pair 

<Ta,Ta:T: ^P> 

where is an ordered face structure and Ta is a computad map such that 

TaiidrJ = a- 



14 The terminal many-to-one computad 

In this section we shall describe the terminal many-to-one computad T. 

The set of n-cell 7^ consists of (isomorphisms classes of) ordered face structures 
of dimension less than or equal to n. For n > 0, the operations of domain and 
codomain d^, c'^ ^ %i-i are given, for S e %, by 



d{S) = 

and 

c{S) = 





if dim{S) < n, 
if dim{S) = n, 

if dim{S) < n, 
if dim{S) = n. 



and, for S,S' & %, such that c^^^^ (S) = d'^^^ {S') the composition is just the /c-tensor 
of S and S' as ordered face structures i.e. S (8)^ S' 

The identity idj- : T„_i %i is the inclusion map. 

The n-indets in T are the principal ordered n-face structures. 



Proposition 14.1 T described above is the terminal many-to-one computad. 

Proof. The fact that T is an w-category is easy. The fact that T is free with free 
n-generators being principal n-face structures can be shown much like the freeness 
of S* before. The fact that T is terminal follows from the following observation: 

Observation. For every parallel pair of ordered face structures N and B (i.e. 
dN = dB and cN = cB) such that N is normal and B is principal, there is a 
unique (up to an iso) principal ordered face structure N* such that dN* = N and 
cN' = B. □ 

Lemma 14.2 Let S be an ordered face structure and ! : S* — > T the unique 
computad map from S* to T. Then, for x : X ^ S E S^. we have 

lk{x) = X. 

Proof. The proof is by induction on /c € and the size of X in S^. For k = 0,1 
the lemma is obvious. Let k > 1 and assume that lemma holds for i < k. 

If dim{X) = I < k then, using the inductive hypothesis and the fact that ! is an 
a;-functor, we have 

Suppose that dini(X) = k and X is principal. As ! is a computad map !fc(.'r) is 
an indct, i.e. it is principal, as well. We have, using again the inductive hypothesis 
and the fact that ! is an w-functor, 

d{\kix)) =\k-i{dx) = dX 

c{\k{x)) =!fe_i(cx) = cX 

As X is the only (up to a unique iso) ordered face structure with the domain dX 
and the codomain cX, it follows that !fe(x) = X, as required. 

Finally, suppose that dim{X) = X \s not principal, and for the ordered face 
structures of size smaller than the size of X the lemma holds. Thus there are I € oo 
and a G Sd{X)i so that 

!fc(x) =!fe(xt";, x^'-) =!fe(xT")®,!fe(xi») = X^- ®, = X, 

as required □ 

15 A description of the many- to-one computads 

In this section we shall describe all the cells in many-to-one computads using ordered 
face structures, in other words we shall describe in concrete terms the functor: 

H : Comma™/! _^ Comp™/i 

More precisely, the many-to-one computads of dimension 1 (and all computads 
as well) are free computads over graphs and they are well understood. So suppose 
that n > 1, and we are given an object of Comma^/^, i.e. a quadruple {\'P\n, V, d, c) 
such that 

1. a many-to-one (n — l)-computad V; 

2. a set \P\n with two functions c : \V\n — > \V\n-i and d : \V\n — ^ Vn-i such 
that for X G {Vln, cc{x) = cd{x) and dc{x) = dd{x). 



If the maps d and c in the object (IPI^, V-, d, c) are understood from the context we 
can abbreviate notation to {\P\n,'P). 

For an ordered face structure 5, we denote by iS"'" the object (S'„, (5<„)*, [5], [7]) 
in Comma;"/^ In fact, we have an obvious functor 



such that 



S^S^^^ = {Sn,{S<n)\mi]) 

Any many-to-one computad V can be restricted to its part in Comma™/^. So we 
have an obvious forgetful functor 

(-)^''" : Coinp™/! — > Comma;^/^ 

such that 



\'P\n,'P<n,d, c) 



We shaU describe the many-to-one n-computad V whose (n — l)-truncation is V 
and whose n-indets are \V\n with the domains and codomains given by c and d. 
n-cells of V. An n-cell in Vn is a(n equivalence class of) pair(s) {S, /) where 

1. S is an ordered face structure, dim{S) < n; 

2. / : S""'" — y V^'"' is a morphism in Comma™/^, i.e. 




commutes. 



We identify two pairs (5, /), (S", /') if there is a monotone isomorphism h : S 
S' such that the triangles of sets and of (n — l)-computads 

{h<nr 



hn 



fn 



f 

J n 



f<n 



iS'<n) 
f<n 



\r\n V 

commute. Clearly, such an h, if exists, is unique. Even if formally cells in Vn 
are equivalence classes of triples we will work on triples themselves as if they were 
cells understanding that equality between such cells is an isomorphism in the sense 
defined above. 

Domains and codomains in V. The domain and codomain functions 
are defined for an n-cell {S, f) as follows: 



(S, f) if dim{S) < k, 

(d('=)S,dW/) otherwise. 



where, for x G (d^'^)^)^ (and hence : [x] —>■ d^'^^S'), 



(i.e. we take the cell Vx : [x\ d^^^S of S* , then value of / on it, and then we 
evaluate the map in Comma™/^ on x the only element of and 

<k- 



{S, f) if dim{S) < k, 

{c^^^ S, c^^^ /) otherwise. 



where, for x G {c^''^S)k (and hence : [x] -> 
and 

(c«/)<fc = (c|;/<„)<fe. 

i.e. we calculate the A;-th domain and A;-th codomain of an n-cell (5, /) by taking 
d^*^^ and c^*^^ of the domain S of the cell /, respectively, and by restricting the maps 
/ accordingly. 

Identities in V. The identity function 

i : Vn-i Vn 

is defined for an {n — l)-cell {{S, /) in Vn-\, as follows: 

' (5,/) \idim{S) < n - 1, 



i(5,/) = 



{S, f) if dim(S)=n-l 



Note that / is the map Comp™/^ which is the value of the functor (— ) on a map / 

from Comma^/p So it is in fact defined as 'the same (n — l)-ceir but considered 
as an n-cell. 

Compositions in V. Suppose that {S^,P) are n-cells for i = 0,1, such that 

c^>'\S°,f) = S''\s\f). 
Then their fc-composition in Comma^/^ is defined as 

(5°,/0);,(S\/i) = (S° 0kS\[f,f]) 

i.e. 

rrO rli 

{S' SX ^-^^ ^ \V\n 



[S] 
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[/n— 1' fn—l] 



d 



Vn- 



This ends the description of the computad V. 

Now let h -.V ^ Qhe a morphism in Comma™/"^, i.e. a function /i„ : \V\n — 
\Q\n and a (n — l)-computad morphism /i<„ : ■p<„ — > Q<n such that the square 

I'^ln ^ \Q\n 



d 



d 



Vn-l T ^ 2n-l 



commutes serially. We define 

h:V — >Q 

by putting hk = hk, for k < n, and for (S, /) G Vn, we put 

h{S,f) = {S,hof). 

Embedding rj-p : \V\n — ^ is defined in the Proposition below. 

Notation. Let x= {X,f : X^''"- V^''^) be a cell in Vn as above, and d G Sd{X)k. 
Then by z^^^ = (XT«,/T«) and x^" = {X^^J^^) we denote the cells in Vn that 
are the obvious restrictions of x. Clearly, we have c'^'^\x^"') = d'^^\x^'^) and that 
X = x^"'\k x^"", where k = dim{a). 

The following Proposition contains several statements. We have put all of the 
together since they have to be proved simultaneously, i.e. to prove them for n we 
need to know all of them for n — 1. 



Proposition 15.1 Let n E u. We have 

1. Let V be an object o/Comma^/^. We define the function 

VV ■ \V\n > Vn 

as follows. Let x G \V\n- As c{x) is an indet d{x) is a normal cell of dimension 
n — 1. Thus there is a unique descriptions of the cells d{x) and c{x) 

< Td{x),Td{x) ■ ^ >' < Tc{x)^Tc{x) ■ T*(^x) ^ > 

with Td{x) being {n — \) -normal ordered face structure and Tc(^) being principal 
ordered face structure of dimension n — 1. Then we have a unique n-cell in V: 

^=<T^ix), |r.U:{lT.^^}^|7'|„, (r.)<n : (rj(,))^„ ^ P<„ > 
(note: \T'^^^\n = {It'^^I^ such that 



and, fory.Y ^ TJ^^^ G {T'^^^f^r 



{Tx)n-l{y) 



{Tc{x))n-i{y') if Y is principal 

and y = y';C(T. ), 

{Td{x))n-i{y") if Y is principal 

and y = y";d(^T' ,) 



I (r^)n-i(y^");fc (r^)n-i(?/^") if&e Sd{Y)k 

and (r^)<(„-i) = {Tdx)<{n-i)- We put r]p{x) = x. 

Then V is a many-to-one computad with ryp the inclusion of n-indeterminates. 
Moreover, any many-to-one n-computad Q is equivalent to a computad V, for 
some V in Comma^/^ . 

2. Let V be an object of Comma^J^/^ \ -.V — ^ T the unique morphism into the 
terminal object T and f : S""'" V a cell in Vn ■ Then 

W •■ -^v) = s. 

3. Leth-.V^Q be an object of Comma^^^/^ Then h:V — > Q is a computad 
morphism. 



4- Let k < n, S be an ordered face structure of dimension at most n, f : S* — >■ V 
a morphism in Comp^/^ and y : Y S € S^. We have that 

7k{y) = if o y*f'\= f^'' o : y«'*^ v^'''). 

5. Let S be an ordered face structure of dimension n, V many-to-one computad, 
g,h : S* — ^ V computad maps. Then 



g = h 



iff 



5n(ls) = hnils)- 



6. Let S be an ordered face structure of dimension at most n, V be an object in 
Comma^/^. Then we have a bijective correspondence 



f : 



V e Comma::'/^ 



f:S* — >r e Comp;^/^ 

such that, fni^s) = f , o,nd for g : S* — > V we have g = gni^s)- 



7. The map 



«:^]JComp(5*,P)^P, 

s 



g:S*^V ^ gnils), 

where coproduct is taken over all (up to iso) ordered face structures S of di- 
mension at most n, is a bijection. Ln other words, any cell in V has a unique 
description. 

Proof. We prove all the statements simultaneously by induction on n. For 

n = 0, 1 all of them arc easy. 

Ad 1. We have to verify that V satisfy the laws of a;-categories and that it is free 
in the appropriate sense. Laws w-categories are left for the reader. We shall show 
that V is free in the appropriate sense. 

Let C be an w-category, g^n '■ 'P<n C^n an (n — l)-functor and gn : \'P\n — ^ C'n 
a function so that the diagram 




Qn-l 



commTitcs serially. We shall define an n-functor g : V ^ C extending g and gn- For 
X = {X, f) G Vn we put 



9 nix) 



lsn-io/„-i(x) iidim{X)<n, 

9n ° fn (mx) if dim{X) = n, X is principal, X„ = {mx} 

dnix^'') if dim{X) = n, d G Sd{S)k 



We need to check that g is well defined, unique one that extends g, preserves domains, 
codomains, compositions and identities. 

All these calculations are similar, and they are very much like those in the proof 
of Proposition 13. L We shall check, assuming that we already know that g is well 
defined, and preserves identities that compositions are preserved. So let x = {X, /), 
xi = X2 = iX2,f2) be cells in Vn such that x = xi;i^X2. Since g preserves 



identities, we can assume that dim(Xi),dim{Xi) > k. Let I E uj he minimal such 
that Sd{X)i / 0. We have two cases: 

Case 1. If Z < k, then by Decomposition 3. 2. a we have a G Sd{T2)i, and then 

gix) = 

9\x\ ■,kX2 );ig{xi ■,kX2 ) = 

{g{xl%g{xi%k (5(4');/ 5(4')) = 
= 9ixi);k9ix2) 

Case 2. If I = k then by Decomposition 3. 2. a we have a G Sd{Xi) and 



9{x) = 
ff(xT^);,5(x^'^) = 

g{xl"');kg{xi'';kX2) = 
9{x\"');k {g{x\^);kg{x2)) = 
{9{xl%g{xi%k9ix2) = 

= g{xi);kg{x2) 

The remaining things are similar. 

Ad 2. Let ! : V — > T be the unique computad map into the terminal object, S 
an ordered face structure such that dim{S) = I < n, f : 5"'" — V a cell in Vn- 

If Z < n then by induction we have !n(/) = S. If Z = n and S is principal then 
we have, by induction 

\n{d{f) : (d5)t'" -^V)= dS, \n{c{f) : (c5)»'" ^ V) = cS. 

As / is an indet in V, !«(/) is a principal ordered face structure. But the only (up 
to an iso) principal ordered face structure B such that 

dB = dS, dB = dS 

is S itself. Thus, in this case, !«(/) = S. 

Now assume that I = n, and S is not principal, and that for ordered face struc- 
tures T of smaller size than S the statement holds. Let a G Sd{S)k- We have 

!n(/) =!n(/^";fc =!n(/^");fc !n(/^") = 5^";^ = S 

where = f ° (k^")^'" and /J^" = / o (^J^")^'" and and k^^" are the monotone 
morphisms as in the following tensor square 



^.{k)g ^gla 

Ad 3. The main thing is to show that h preserves compositions. This follows 
from the fact that the functor 



(-)"'" : oFs CommEC/^ 



preserves special pushouts. 

Ad 4. This is an immediate consequence of 3. 

Ad 5. Let us fix ordered face structures S, Y, dim{S) = n, d e Sd{Y), and 
f,g:S* — > V. Clearly, if f = g then = gi^s)- We shall prove the converse. 

As 

is a pushout in Comma^^^ we have that for any y :¥ ^ S E 

fii,koylk ^ gUoylk iff j^,feo(yi«)tl''= = c,tl''=o(yi«)f''= and /tl.'=o(j/T«)tt>fe = c,tl.'=o(yT«)tl,fc 

From this observation it is easy to see that if for some y : 1" — > S € 5* we have 
f{y) 7^ giy) then we can assume that this Y is principal. On the other hand, from the 
above observation, the fact that both / and g are w-functors and that = 5(15) 

we can deduce that for any y : F — > 5 G 5* with Y principal we have /(y) = g{y)- 
This together shows 5. 

Ad 6. we shall use 5. Fix an ordered face structure S of dimension n and a 
many-to-one computad V. For / : S""'" — > V^'^ in Comma^/^ we have 

7jls) = (/o(l5)«'")^'" = /o(l5p = /. 

On the other hand, for a computad map g : S* P we have 

Thus by 5. we have gni^s) = 9- 

Ad 7. It follows immediately from 6. □ 

The following Proposition says a bit more about descriptions than point 7. of 
the previous one. 

Proposition 15.2 Let V he a many-to-one computad, n E lo, and a G Vn- Let 
Ta =!^(a) (where !^ : V — > T is the unique morphism into the terminal many- 
to-one computad). Then there is a unique computad map Ta ■ T* — > V such that 
('^a)n(lTa) = o,- Moreover, we have: 

1. for any a E: V we have 

Tda = d{Ta) = T^a = T„ O (cItJ*, Tc(„) = c(r„) = Tc(„) = T„ O (CtJ*, 

2. for any a,b gV such that c^''\a) = d^^\b) we have 

Ta;ub = W^u] : T*;kT^ — > V, 

3. for any ordered face structure S, for any computad map f : S* — > V, 

4. for any ordered face structure S, any u- functor f : S* — > V can be essentially 
uniquely factorized as 




where /*"^ is an inner map (i.e. /^"'(Is) = Ixf^^^^^) and ('^/(is)) is the 
description of the cell 

Proof. Using the above description of the many-to-onc computad V we have 
that a : (Ta)»'" — > P^'". We put Ta = a. By Proposition 15.1 point 6, we have 
that {Ta)ni^Ta) = ^n(lra) = a, as required. The uniqueness of {Ta,Ta) follows from 
Proposition 15.1 point 5. The remaining part is left for the reader. □ 



16 Appendix 



A definition of the many-to-one computads and the comma categories 

The notion of a computad was introduced by Ross Street. Wc repeat this defini- 
tion for a subcategory Comp™"/^ of the category of all computads Comp that have 
indeterminates of a special shape, namely their codomains are again indeterminates. 
We use this opportunity to introduce the notation used in the paper. In order to 
define Comp"*/-^ we define three sequences of categories Comp^/-*^, Comma^/^, 
and Comma„. 

1. For n = 0, the c atego ries Comp^/-*^, Comma^/^, and Comma„ are just Set, 
and the functor (— ) : Comma^^^ — >■ Comp^/^ is the identity. 

2. For n = 1, the categories Comma^/"^ and Comma„ are the category of 
graphs (i.e. 1-graphs) and Comp™/^ is the category of free cj-categories 
over graphs with morphisms being the functors sending indets (=indetermi- 
nates=generators) to indets. 

3. Let n > 1. We define the following functor 

ml!;'/^ : Comp;^/^ Set 

such that 

^n^'CP) = {{a,b) : aePn,be \V\n, dia) = d{b), c(a) = c(6)} 

i.e. wl^^^{V) consists of those parallel pairs (a, 6) of n-cells of V such that 
b is an indet. On morphisms Wn is defined in the obvious way. Wc define 
Comma^_|^J to be equal to the comma category Set [ vo^^^ . So we have a 
diagram 




4. For ra > 1, we can define also a functor 

Wn '■ nCat — ^ Set 

such that 

Wn{C) = {(a, 6) : a,b e Cn, d{a) = d{b), c(a) = c(6)} 

i.e. Wn{C) consists of all parallel pairs (a, b) of n-cells of the n-category C. We 

define Comma„-|_i to be equal to the comma category Set | We often de- 
note objects of Comma.„_|_i as quadruples C = (|CI„+i, C<_n,d,c), where C<„ 
is an n-category, |C|„+i is a set and ((i, c) : |C|n+i — > ■n7„(C<„) is a func- 
tion. Clearly, the category Comma^_^J is a full subcategory of Comma„+i, 
moreover we have a forgetful functor 

Un+i '■ {n- + l)Cat — > Comma„_|_i 



such that for an (n + l)-category A 

Un+l{A) = {An+l,A<n,d,c) 

i.e. Un+i forgets the structure of compositions and identities at the top level. 
This functor has a left adjoint 

J-'n+i '■ Comma„+i — > (n + l)Cat 

The cate gory J'n-\-i{\B\n-\-i, B , d, c) is said to be a free extension of the n- 
category B by the indets The category of many-to-one (n + 1)- 

computads Comp™_^J is a subcategory of (n + l)Cat whose objects are free 

extensions of objects from Comma™_j^}. The morphisms in Comp™_j^} are 
(n + l)-functors that sends indets to indets. Thus the functor Tn+i restricts 
to an equivalence of categories 

^rn/l ^, m/1 ^ m/1 

its essential inverse will be denoted by 

II - ||„+i : Comp™/J — > Comma™/}. 
Thus for an (n -|- l)-computad V we have ||P||„+i = (iT'ln+i, ^<n) c^i c). 

The category Comp"^/^ is the category of such w-categories V, that for every 
n € uj, V<n is a many-to-one n-computad, and whose morphisms are a;-functors 
sending indets to indets. 

For n € id, we have functors 

I - |„ : Comp'"/^ — . Set 
associating to computads their 77,-indets, i.e. 

f : A ^ B ^ \f\n : \A\n ^ \B\n, 
they all preserve colimits. Moreover we have a functor 

I - I : Comp"*/^ — > Set 
associating to computads all their indets, i.e. 

f:A^B^\f\:\A\^\B\, 

where 



1^1 = n i^u- 

It also preserves colimits and moreover it is is faithful. 
We have a truncation functor 

(~)<n ■ i^Cat — > nCat 

such that 

f -.A — >B^ f<k:A<k — ^ B<k 
with fc G a;, it preserves limits and colimits. 
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